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Slope failure has been one of the most serious geotechnical disasters caused by 
earthquakes that produced substantial economic loss and killed a great number of people. 
Yet, its mechanism is not well understood; in particular the catastrophic 
liquefaction-induced failure behavior of natural and artificial slopes of sandy deposits and 
the consequent development of extremely large ground deformation is only poorly 
understood. 
Soil elements within the sloped ground are subjected to an initial static shear stress 
on the horizontal plane or an assumed failure plane. During earthquake shaking, these 
elements are subjected to additional cyclic shear stress due to shear waves propagating 
vertically upward from the bedrock. The superimposition of static and cyclic shear 
stresses can have major effects on the response of soil, leading to liquefaction-induced 
failure of natural and artificial slopes of sandy deposits and the consequent development 
of extremely large ground deformation.  
As far as the authors have investigated in the literature, there exists no previous study 
on the role of initial static shear stress on the undrained cyclic behavior of saturated sand 
in which the strain level could exceed more than 20 %. In previous studies, in the case of 
simple shear tests or torsional shear tests, the shear strain level was limited to 10 % due 
mainly to mechanical limitation of the employed apparatus; as well, in the case of triaxial 
tests, due to larger extents of non-uniform deformation of the specimen at higher strain 
levels, the axial strain level could not exceed 20 %. 
 With the intention of investigating the effects of initial shear stress on the large 
deformation properties of loose sand with initial static shear, a series of undrained cyclic 
torsional shear tests were performed on saturated loose Toyoura sand specimens up to 
single amplitude of shear strain of about 50 % under various combinations of static and 
subsequent cyclic shear stresses.  
From the study of failure mechanisms, based on the difference in the effective stress 
path and the modes of development of shear strain during both monotonic and cyclic 
undrained torsional shear loading, the observed types of failure could be distinguished 
into three types: cyclic liquefaction (LQ), rapid flow liquefaction (RF) and residual 
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deformation (RD) failures. 
It was found that the failure behavior is a consequence of the degree of reversal 
loading. In fact, in case of stress reversal and intermediate loadings, failure could be 
associated with full liquefaction, followed by extremely large deformation in the 
post-liquefaction process (i.e., LQ and RF failure behaviors). On the other hand, in the 
case of non-reversal loading, the residual deformation brought the specimen to failure 
(i.e., formation of spiral shear band) although liquefaction did not occur.  
The test results showed that the presence of initial static shear does not always lead to 
an increase in the resistance to liquefaction and strain accumulation; in fact, both can 
either increase or decrease by increasing the static shear depending on the extent of stress 
reversal and the failure behavior. However, in this study it was found that the two-phase 
change in liquefaction resistance (i.e., strictly speaking resistance against strain 
accumulation) can be associated with a two-phase change in the failure behavior from LQ 
to RF and from RF to RD. 
 The mode of development of residual deformation exceeding 50% was also 
investigated. It was found that large deformation could be developed in different ways 
according with the type of failure that sand experienced. 
 
To simulate the behavior of saturated sand under undrained cyclic loading which leads to 
liquefaction and large cyclic shear strain development, an elasto-plastic constitutive 
model which can describe both monotonic and cyclic torsional shear behaviors of 
saturated sand under drained or undrained condition was developed at IIS (Institute of 
Industrial Science), University of Tokyo. 
It is noteworthy that the motivation of the current study comes from the successful 
attempts as above described in simulating the liquefaction behavior of sand as well the 
cyclic large deformation behavior. However, no attempt has been made so far to model 
the undrained behavior of sand by considering the effect of static shear.  
With the aim of simulating the behavior of saturated sand with initial static shear 
undergoing undrained cyclic loading which leads to liquefaction and large cyclic shear 
strain development, an elasto-plastic constitutive model which can describe both 
monotonic and cyclic torsional shear behaviors of saturated sand with initial static shear 
under drained or undrained condition was presented in this study.  




undrained torsional shear loading, under general conditions of stress reversal, 
intermediate and non-reversal loadings by varying the initial static shear and the 
amplitude of the subsequent cyclic shear stresses (i.e., varying the degree of reversal 
stress).  
The liquefaction behavior of sand, described in terms of effective stress path, could 
be qualitatively modeled until the specimen enters into a full liquefaction state (p’=0), as 
well as during the cyclic mobility process. The stress-strain relationship could be 
qualitatively simulated up to a strain level of 8% until the specimens enter into a steady 
state. 
The simulation results of both monotonic and cyclic undrained behavior could be 
employed to evaluate the failure behavior of sand. Therefore, cyclic liquefaction (LQ), 
rapid flow liquefaction (RF) and residual deformation (RD) failures were simulated. As 
well, by conducting additional numerical simulations, the behavior called as 
no-liquefaction and no-failure (NN), in which either liquefaction or failure did not take 
place even after applying several tens of cycles, could be defined. 
 Simulation results confirmed that the resistance against strain accumulation can 
either increase or decrease depending on the extent of reversal stress and the type of 
failure; in addition, it was confirmed by numerical simulations that the mode of 
development of residual deformation depends on the type of failure of sand. 
 
Soils that are susceptible to liquefaction consist substantially of saturated uniform grain 
size distributions deposited in loose states. However, the fact that a soil is susceptible to 
liquefaction does not guarantee that liquefaction will be actually initiated during an 
earthquake event. It is also recognized that the stress conditions (confining pressure, 
cyclic shear and initial static shear stresses) play an important role in the liquefaction 
behavior of soil, the type of failure mechanism and the mode of development of soil 
deformation, especially in the case of slopes of sandy deposits. Many studies on the 
liquefaction of sand, including the current one, show that under non-reversal stress 
conditions saturated loose sand most likely will not experience liquefaction. However, 
this does not mean that sand is very resistant against seismic loading; in fact, a significant 
magnitude of combined static and cyclic shear stresses may cause failure of soil even 
though liquefaction does not take place. For these reasons, it is definitely important not 
only to have a clear understanding of the liquefaction mechanisms, but also to carry out in 
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depth investigation on the effects of static shear on the failure modes of saturated sandy 
soil during undrained shearing.  
With the scope of gaining a better understanding of the failure mechanisms of saturated 
sand, a method used to assess the failure behavior of sand specimens with initial static 
shear under undrained cyclic torsional shear loading was presented. 
The proposed method is defined by means of three parameters namely: (i) static stress 
ratio SSR=τstatic / p0’, (ii) cyclic stress ratio CSR =τcyclic / p0’, and (iii) undrained 
monotonic peak stress ratio MPSR =τpeak / p0’; where: τstatic = the initial static shear stress; 
τcyclic = the single amplitude cyclic shear stress; τpeak = the shear stress at peak state during 
the undrained monotonic loading ; and p0’ = the initial effective confining pressure. The 
SSR corresponds to the driving shear force induced by the inclination of slopes; the CSR 
represents the inertial force exerted by earthquakes; while the MPSR takes into account 
the strength of soil which depends on the soil properties (e.g., relative density, etc) and 
the stress conditions.  
 By this method, called the “Four-zone CSR/MPSR vs. SSR/MPSR method”, the initial 
static shear stress and the cyclic shear stress, measured in terms of SSR/MPSR and 
CSR/MPSR, respectively, were compared with the stress reversal line (i.e., SSR/MPSR = 
CSR/MPSR) and the undrained peak strength line (i.e., SSR/MPSR + CSR/MPSR =1). In 
accordance with the failure zone that these stress conditions correspond, the type of 
failure behavior of sand (i.e., LQ, RF, RD or NN) could be established.  
 Its applicability was investigated on a wide range of combinations of static and cyclic 
shear stresses on very loose, loose and dense sand by referring to: (i) the results of 
undrained cyclic torsional shear tests; and (ii) a number of single-element numerical 
simulations by employing the elasto-plastic constitutive model presented in this study. 
On the basis of field data investigations from case histories of liquefaction-induced 
failure of sandy slopes during past earthquakes, the proposed method was used to 
compare the sand failure characteristics observed in the laboratory with the failure of 
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1.1 Landslides during earthquakes due to liquefaction 
 
Slope failure has been one of the most serious geotechnical disasters caused by 
earthquakes that produced substantial economic loss and killed a great number of people. 
Yet, its mechanism is not well understood; in particular the catastrophic 
liquefaction-induced failure behavior of natural and artificial slopes of sandy deposits and 
the consequent development of extremely large ground deformation is only poorly 
understood. 
 
Following large-magnitude earthquake events, such as 1964 Niigata and 1983 
Nihonkai-Chubu earthquakes, extremely large lateral ground deformation has been 
observed in liquefied gentle slopes of sandy deposits. Although the gradient of the ground 
surface was merely of a small percent, lateral spreading reached several meters inducing 
serious damage to buildings, infrastructures and lifeline facilities (Hamada et al., 1986, 
1988 and 1994).  
With respect to the mechanism of the occurrence of large ground displacement, it is 
recognized that, due to liquefaction, flow failure of a slope, known as lateral spread, tends 
to occur when the mobilized shear stress of soil in its liquefied state exceeds the shear 
stress required for the static equilibrium of soil mass. Once liquefaction-induced 
deformations are triggered, they may become extremely large depending on the acting 
static shear stress. 
 
To study the mechanism of permanent ground displacement due to liquefaction, Yasuda 
et al. (1992) conducted shaking table model tests. In these models the gradient of the 
slope surface, the thickness of liquefied layer, the density of liquefiable layer and other 
factors were changed. The main conclusion of this series of model tests was that 
permanent ground displacements did not occur on the boundary between the liquefied 
layer and the lower non-liquefied layer, but occurred within the liquefied layer with a 
constant shear strain.  
However, although shaking model tests can provide important information about 
mechanism of liquefaction, it can not assess the liquefaction potential of specified sites. 
This assessment can be done by running undrained cyclic triaxial or torsional shear tests 
on undisturbed soil samples collected at the sites. 
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Many laboratory element tests under different conditions (in terms of density, confining 
pressure, stress ratio, over consolidation ratio, severity of liquefaction, etc…) have shown 
that large ground deformation always occurs after liquefaction of sand, and it can be 
developed when the effective mean principal stress in sand momentarily achieves zero 
state during undrained loading (Ishihara and Yasuda, 1975; Ishihara et al., 1975; Tatsuoka 
et al., 1986a and 1986b; Yasuda et al., 1995; Koseki and Ohta, 2001; Koseki et al., 2005 
and 2007; among others). The test results obtained by Kiyota et al. (2008), who were the 
first to reach double amplitude shear strain exceeding 100% by using an innovative 
hollow cylinder torsional device, were remarkable.  
However, it should be noted that, all these undrained cyclic torsional or triaxial tests 
are designed to simulate the stress condition in soil elements beneath the level ground; 
therefore they are carried out on isotropically consolidated specimens. Consequently, on 
these soil elements there is no initial static shear stress acting on the horizontal planes 
before undrained shearing.  
 
It is a known fact that there are many cases of practical interest in which soil elements are 
subjected to initial static shear stress on the horizontal plane (e.g., natural slopes, slopes 
of dams and embankments, and level ground underneath structures). During a seismic 
event, the behavior of saturated sands in such stress conditions is not clear because it 
varies in a complicated manner depending on the magnitude of initial static shear and the 
subsequent cyclic stresses.  
Yet, a limited number of studies have been conducted on the effects of static shear 
stress on the undrained behavior of sandy soils undergoing large deformation, due mainly 
to mechanical limitation of the employed apparatus and/or large extents of non-uniform 
deformation of the specimen at higher strain levels in triaxial compression tests. 
 
In the last two decades, the records of major landslides, lateral movements of bridge 
supports and failures of waterfront structures reported as results of soil liquefaction have 
led to increasing efforts in the development of procedures for evaluating the 
liquefaction-induced large ground displacement of sandy deposits (e.g., Yasuda et al., 
1992 and 1995; Hamada et al, 1994; Ishihara et al., 1996; Shamoto et al., 1997; among 
others), but until now, complete information regarding earthquake-induced displacements 
in the case of liquefaction domain for a given sand structure has not been available.  
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To understand the stress-strain response of sand in its pre- and post-liquefied state 
becomes essential for developing more cost-effective mitigative measures to minimize the 
effects of the natural disaster caused by slope failure triggered by earthquakes, and take 
the effect of liquefied ground displacement into the consideration in the seismic resistance 
design of structures.  
In this regard, various approaches have been used by researchers to establish valid 
constitutive models useful for guiding engineers in their designs. As usual in the field of 
geotechnical engineering however, it is very difficult to propose practical tools; in fact, 
liquefaction represents a complicated problem and its solution requires the use of realistic 
constitutive equations and failure criteria.  
Since it is almost impossible to describe the full soil behavior by existing constitutive 
model in many cases, laboratory investigations represent an essential tool in improving 
such models by simulating experimental observations.    
 
1.1.1 Soil liquefaction 
 
Under high frequency cyclic loading (i.e., earthquake shaking), cohesionless soils such as 
sands and in limited cases gravels, may completely lose their strength becoming more 
similar to a liquid than to a solid. This phenomenon, well known as “soil liquefaction”, 
may cause dramatic consequences to buildings, infrastructures (bridges, dams, 
embankments) and natural slopes, as often observed following severe earthquake events 
(Anchorage, Alaska, 1964; Niigata, Japan, 1964; San Fernando, California, 1971; 
Emperial Valley, California, 1979; Nihonkai-Chubu, Japan, 1983; Superstition Hills, 
California, 1987; Loma Pietra, California, 1989; Kobe, Japan, 1995; Kokaeli, Turkey, 
1999; Niigata, Japan, 2004; etc…). 
As it is well known that, coarse grained soils are made of individual grains, and that 
each grain is in contact with its neighboring particles. Due to the weight of the overlying 
soil strata, contact forces arise between the contiguous soil grains, with a normal and a 
shear component. Since the behavior of soil is mainly dictated by friction, its strength 
depends on the extent of the normal forces. According to the well known principle of 
effective stresses, the strength of a cohesionless saturated soil depends on the normal 
effective stress components, which are equal to the difference between the total normal 
stress components and the pore water pressure. If the total stress components remain 
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unchanged, an increase in pore water pressure has the effect of reducing the normal 
effective stresses and may thus lead to the collapse of soil. 
Liquefaction may occur on saturated loose sands under the effect of quick cyclic 
loading like those excited by earthquakes. In fact, under such loading conditions the soil 
structure is deeply modified with the particles tending to move in a denser configuration. 
In case of fine sands there is not enough time for the water to be expelled out from the 
soil pores and thus a build up of water pressure occurs. When this pressure becomes equal 
to the total stress acting on the soil, the normal effective stresses are totally erased and 
thus the soil particles become free to move independently from the neighboring ones; in 
other words, the soil behaves like a liquid. The occurrence of this phenomenon is 
regulated by the extent of the seismic event (magnitude, peak ground acceleration) and by 
the density and the mechanical characteristics of the soil.  
Practical methods for evaluating the liquefaction potential on site are traditionally 
based on the results of field investigations (Seed and Idriss, 1971; Seed, 1979; Seed et al., 
1983 and 1985; among others) such as SPT and CPT tests, which summarize the 
mechanical properties of soil based on formulas defining the seismic events and on 
considerations based on past experiences.  
 
1.1.2 Large displacement of gentle slopes due to liquefaction  
 
During past earthquakes, large areas of ground were observed to shift laterally due to soil 
liquefaction. These liquefaction-induced lateral ground deformations have amplitudes 
ranging from small (1 cm) to very large (> 10 m) in the case of flow slides. They can take 
place for gently sloping ground conditions (0.1% to 6%). These deformations are usually 
driven by a combination of transient and static shear stresses and attributed to the loss of 
shear strength of underlying saturated soils.  
 
In Japan, liquefaction-induced extremely large ground deformations could be observed on 
gentle slopes of sand, following the 1964 Niigata and 1983 Nihonkai-Chubu earthquakes 
(Hamada et al., 1994). 
Hamada et al. (1986 and 1988) measured the permanent ground displacements 
caused by both of the above-mentioned earthquakes, by pre- and post-event aerial surveys. 
It was made clear that extremely large ground displacements, up to several meters, 
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occurred in the ground liquefied during the two earthquakes, although the ground surface 
was almost flat. 
 
1.1.2.1 Ebigase area during the 1964 Niigata earthquake (Hamada et al., 1994) 
 
On 16 June 1964, a magnitude 7.5 earthquake hit Niigata City and its neighboring area. 
The peak acceleration at ground surface in those areas was on the order of 0.16 g 
(Hamada et al., 1994). Due to the severity of the seismic shaking and particular soil 
conditions, a large area suffered liquefaction which caused breakage of foundation piles, 
settlement and tilting of buildings and tanks, failure of embankments, and serious damage 
to bridges and buried lifeline facilities. 
Large permanent horizontal displacements, subsidence and rising zones, a number of 
ground fissures and various sand boils observed at Ebigase area in Niigata City, were the 
evidence that the gentle slope of a natural sandy levee was extensively damaged due to 
liquefaction (Fig. 1.1).  
According to the arrows depicted in Fig. 1.1, the natural levee moved toward the old 
river bed. The ground surrounding the Ohgata Primary School, which was located on the 
top of the sandy deposit, moved in the north-west, north and north-east directions. The 
ground displacements in the north-west direction were predominant and continuous 
through 400 meters. Even though the gradient of the ground surface in that area was 
generally below 2%, the maximum horizontal displacement was over 8 meters. According 
to measurements of vertical displacement, extensively topographical changes took place. 
In fact, a wide subsided area was noted close to the top of the levee where the horizontal 
displacement began, and in the neighborhood area of Ohgata School a large number of 
ground fissures originated by tensile strain were observed. On the contrary, the ground 
rose at many points in the vicinity of the Tsusen River where the ground displacement 
ended and various sand and water boils were evident.  
 Field surveys revealed that the soil consists mostly of sand from sand dune, alluvial 
sandy soil and alluvial clayey soil. The alluvial sandy layer was very loose to loose since 
its SPT N values were below 10. The estimated liquefied soil had a thickness of 4 to 7 
meters and extended from Ohgata School to Tsusen River. 
 
 
 CHAPTER 1 - Introduction 
 
 1-7 
1.1.2.2 Noshiro City during the 1983 Nihonkai-Chubu earthquake (Hamada et al., 1994)      
 
On 26 May 1973, a magnitude 7.7 earthquake struck an ample area along Japan Sea coast 
in between Akita and Aomori prefectures. In Noshiro City, located about 100 km from 
the epicenter, liquefaction caused large ground displacement on the slopes of the 
Maeyama sand dune, which resulted in extensive damages to houses, quay walls, buried 
pipes and lifeline systems. The peak acceleration at the ground surface was on the order 
of 0.25 g (Hamada et al., 1994).. 
 Fig. 1.2 shows displacements on the gentle slopes of Maeyama sandy hill. On the 
northern slope of the hill, horizontal displacements were predominant; they began near 
the top and extended for more then 300 meters in a northerly direction. The maximum 
horizontal displacement achieved more than 5 meters. Ground failures consisting of sand 
boils, fissures and vertical gaps of the ground surface were observed on the slopes 
surrounding the top of the hill. A considerable number of fissures were found on the top 
part of the northern slope of the hill, where large tensile strains occurred due to the 
horizontal ground displacements that took place in the downward direction; in that area 
the ground surface subsided by 50 to 100 cm. On the other hand, the ground level rose at 
some locations near the toe of the slope, and a number of sand and water boils were 
observed. This phenomenon is very similar to the one at Ebigase area in Niigata City 
during the 1964 Niigata Earthquake, as described above.   
 Field surveys revealed that the soil consists mostly in sand, alluvial sand and alluvial 
clayey soil. The alluvial sandy layer was loose since its SPT N values are on the order of 
10. The estimated liquefied soil, underlying the gentle sloped ground surface, ranged 
between 1 to 5 meters of thickness.  
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 






(Ts) surface dune sand; (As) alluvial sandy soil; (Ac) alluvial clayey soil 
(b) 
 
Fig. 1.1: Effects of the 1964 Niigata earthquake at Ebigase area in Niigata City (Hamada et al., 1994): 
(a) Liquefaction-induced ground displacement; (b) Soil conditions and estimated liquefied layer along 













(Ts) surface soil; (Asd) dune sand; (As) alluvial sandy soil; (Ac) alluvial clayey soil 
(b) 
 
Fig. 1.2: Effects of the 1983 Nihonkai-Chubu earthquake in Noshiro City (Hamada et al., 1994): (a) 
Liquefaction-induced ground displacement; (b) Soil conditions and estimated liquefied layer along 
section B-B’  
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1.1.3 Previous studies on the effect of initial static shear stress 
 
It is recognized from previous studies and some case histories of past earthquakes that the 
behavior of slopes or ground underneath structures (Fig. 1.3 and Fig. 1.4) composed by 
saturated sands is different from that of level ground during cyclic loading because the 
soil elements are subjected to an initial static shear stress on the horizontal plane or 
assumed failure surface. During earthquake shaking, these elements are subjected to 
additional cyclic shear stress due to shear waves propagating vertically upward from the 
bedrock. The superimposition of static and cyclic shear stresses can have major effects on 
the response of soil, leading to liquefaction and development of extremely large ground 
deformation.  
 
Even though the behavior of saturated sand is known to be affected by the influence of 
initial static shear stress, a limited number of studies have been conducted on the effects 
of static shear stress on the undrained behavior of sandy soils undergoing large 
deformation, due mainly to mechanical limitation of the employed apparatus (e.g., simple 
shear tests) or large extents of non-uniform deformation of the specimen at higher strain 
levels (e.g., triaxial or torsional tests).  
 
The results of pioneering studies on anisotropically consolidated sand sheared under 
undrained cyclic triaxial conditions (Lee and Seed, 1967; Seed, 1968) showed that the 
larger the ratio of initial static shear stress to initial confining pressure acting on a 
horizontal plane, the greater the horizontal cyclic shear stress required to induce 
liquefaction in a given number of stress cycles. In other words, the resistance to 
liquefaction increases with an increase in the static shear stress level. 
On the other hand, the opposite tendency was observed by Yoshimi and Oh-oka 
(1975) as a result of ring torsional shear tests. In addition, they pointed out that to induce 
liquefaction and the development of large cyclic shear strain, the reversal of shear stress 
is necessary.    
Castro (1975) and Castro and Poulus (1977) by considering the initial static shear 
level and the undrained residual shear strength (i.e., steady state) distinguished between 
sand failure by liquefaction and cyclic mobility. They concluded that the resistance to 
liquefaction decreases but the strain accumulation resistance increases with an increase in 
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initial static shear stress. As well, they discussed on the effect of axial extension during 
cyclic triaxial tests; they complained that the larger deformations observed in extension 
with respect to compression for a given deviator stress do not correspond to the field 
conditions, therefore generally cyclic triaxial tests overestimate the cyclic deformations 
that may be developed in the field due to liquefaction. 
Vaid and Finn (1979) evaluated cyclic loading behavior of Ottawa sand under plane 
strain condition using a simple shear device. They clarified that in general the resistance 
to liquefaction can either increase or decrease due to the presence of static shear 
depending on the relative density of the sample. 
Since it is considered that simple shear tests simulated field stress condition more 
closely, Tatsuoka et al. (1982) investigated the stress-strain behavior of sand under 
torsional simple shear conditions including the case with static shear. The results show 
that the strength defined at sufficiently large strain values was not reduced by the 
presence of initial shear stress but increased in some cases especially for dense sand. 
These results were well in accordance with those reported by Vaid and Finn (1979), 
confirming that a torsional simple shear apparatus could be used as a very useful tool for 
evaluating cyclic undrained stress-strain behavior of sands. 
Further, Vaid and Chern (1983) showed that the contradictory conclusion in past 
studies were due to the difference in density of the sample, magnitude of static shear and 
the definition of liquefaction resistance. In addition, it was found that the cyclic strength 
can either increase or decrease due to the presence of static shear stress; in particular it 
was also observed that, during cyclic loading on loose sand with higher initial static shear, 
the cyclic strength was reduced due to flow deformation. 
Mohamad and Dobry (1986) found that the initial static shear stress is also an 
important parameter to identify the behavior of sands between contractive and dilative. 
Hyodo et al. (1991 and 1994) classified the behavior of anisotropically consolidated 
sample, sheared under undrained cyclic triaxial conditions, into three types: stress 
reversal, non-reversal and intermediate. Based on the difference in the effective stress 
paths and the stress-strain relationships, they observed that in the cases of stress reversal 
and intermediate on loose samples, failure could be associated with liquefaction, while in 
the other case residual deformation brought the sample to failure even though no 
liquefaction occurred; failure was not observed in the case of non-reversal on dense 
sample. 
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However, it should be noted that in all of the above studies, due to mechanical 
limitation of the employed apparatus and/or due to large extents of non-uniform 
deformation of the specimen at higher strain levels, as well technical difficulties in 
correcting for the effects of membrane force during the tests, the shear strain levels 
employed were limited to the range of 10% to 20%. 
Therefore, they are not able to fully describe the occurrence of the 
liquefaction-induced ground deformations of several meters, which means that ground 
strain reaches over 100% on the slightly sloped ground.  

























τstatic: static shear stress induced by inclination of slope
τcyclic: cyclic shear stress exerted by earthquake
σ’V, σ’H: vertical and horizontal effective normal stresses
 
 





Fig. 1.4: Stress conditions below a structure (Yoshimi and Oh-oka, 1975). 
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1.2  Modeling of drained and undrained soil behaviors 
 
1.2.1 Modeling of quasi-elastic deformation characteristics 
 
It is well known that the deformations of ground under general daily perturbations are 
usually less then 0.1 % of strain (Burland, 1989; Tatsuoka and Kohata, 1995). Therefore, 
it is recognized that elastic components are playing an important role in deformation 
characteristics of geomaterials. 
 A pure elastic behavior region of soil is not easy to identify since soil is a natural 
material with a lot of inhomogeneity. However, it can be reasonably assumed that at strain 
levels less than 0.001% the behavior of soil is quasi–elastic (Jardine, 1992; Tatsuoka et al., 
1997; Clayton and Heymann, 2001). Although the behavior of soil looks reversible, due 
to the granular nature of sand, some energy loss may occur even at strain levels less than 
0.001%, therefore the term quasi is suffixed to elastic. 
 
Techniques used in the laboratory for evaluating the quasi-elastic deformations of 
geomaterials (i.e., Young’s modulus E, shear modulus G and Poisson’s ratio ν ) consist  
essentially of two types, namely dynamic and static measurements. 
The dynamic methods can be distinguished in resonant column (Hardin and Richard, 
1963; Hardin and Black, 1968), wave propagation method using bender elements 
(Schulhessis, 1981; Dyvik and Madshus, 1985; Viggiani and Atkinson, 1995; Chaudhary 
et al., 2004, Wicacsono et al., 2007, Mulmi et al., 2008), wave propagation method using 
triggers and accelometers (AnhDan et al., 2002; Maqbool, 2005; Wicacsono et al., 2007; 
Kiyota et al., 2008), and wave propagation method using plate transducers (Laxmi et al., 
2009; Laxmi and Kuwano, 2009). Since the waves tend to propagate along the stiffest 
part of the specimen, quasi-elastic deformation properties evaluated by employing wave 
propagation methods represent the properties of stiffest part of the specimen. In addition, 
the corresponding strain for dynamically evaluated quasi-elastic properties is less than 
0.0001%. 
Evaluation of quasi-elastic deformation characteristics by employing several small 
unload-reload cycles to the specimen within the quasi-elastic strain range is called static 
method. Under the category of static measurement techniques, two types namely external 
and local measurement methods can be found. The measurement based on measuring the 
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movement of the top cap and/or the pedestal is known as external measurement, while 
measuring directly the deformation of the specimen is referred to local measurement. It is 
evident that the local measurements can detect more closely the true deformations of soil. 
Presently, due to the development in local strain measurement techniques such as 
inclinometer (Burland, 1989), LTD (Goto et al., 1991), LVDT (Cuccovillo and Coop, 
1997), non proximity transducer, i.e. gap sensors, (Hird and Yung 1987 and 1989), and 
Pin-typed LDT for hollow cylindrical specimens (Hong Nam, 2004; De Silva et al., 2005), 
small strain deformation properties of the order 0.001% can be measured.  
By using the Pin-typed LDT system (De Silva et al., 2005) it was observed that the 
externally evaluated quasi-elastic shear stiffness of Toyoura sand was about 20% larger 
than that evaluated by PLDT system, while the Young’s modulus was unchanged. 
 
Quasi-elastic bulk modulus, K, is another important parameter which is usually indirectly 
evaluated by using E and ν with the main assumption that soil is isotropic, which may not 
be true. However, direct evaluation of K is not an easy task due to many technical 
difficulties such as accurate evaluation of volume change of the sample at quasi-elastic 
strain range and effects of end restraint and membrane penetration on volume change 
measurement.  
De Silva et al. (2008) attempted to directly evaluate K by using volume change 
detected by an electronic balance. It was found that locally evaluated K during isotropic 
consolidation, by assuming the isotropy of horizontal bedding plane, was very similar to 
the one evaluated by using high-sensitive electronic balance data without any correction 
for membrane penetration. 
 
To date, there have been various attempts to model the quasi-elastic deformation 
properties of geomaterials based on experimental approach and void ratio (Hardin and 
Richard, 1963), stress state (Hardin, 1978), inherent and stress induced anisotropies 
(Hoque and Tatsuoka, 1998), rotation of principal stress direction and stress history 
(Hong Nam, 2004) have been taken into consideration.  
Tatsuoka et al. (1999) proposed a hypo-elastic model to describe the inherent and 
stress induced anisotropies of sand without considering the rotation of principal stress 
direction. Whereas, Hardin and Blandford (1989) proposed a generalized model in which 
the inherent and stress induced anisotropies of sand were not fully taken into account. 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 
  1-16 
On the contrary, to simulate the inherent and stress induced anisotropies while 
considering the rotation of principal stress direction, Hicher and Chang (2006) proposed a 
model based micromechanics consideration, i.e. considering the soil as an assembly of 
particles. 
Hong Nam (2004) proposed a new hypo-elastic model called IIS model which can 
successfully simulate the inherent and stress-induced anisotropies of sand with the 
rotation of principal stress direction. This model is based on a few empirical rules on 
quasi-elastic deformation properties and coordinates transformation; it is also capable of 
taking into account the damage to quasi-elastic deformation properties at higher stress 
ratio as well.  
 
1.2.2 Elasto-plastic models for soil 
 
Soils are frequently subjected to large deformation due mainly to cyclic loading such as 
traffic load, sea waves, earthquake, excavation and filling, and subsequent construction of 
civil engineering structures. Therefore, in order to design economical structures with 
adequate safety and to analyze the performance of existing earth structures, it is required 
to qualitatively predict the behavior of soils under large strain conditions. 
Application of plastic theory to model the soil behavior under large strain goes back 
many decades. So far, many elasto-plastic models have been proposed by researchers, 
while essentially they have been developed by following the framework of the 
elasto-plastic theory. The main components for an elasto-plasic model are: 
 
- Elastic regions. The soil is assumed to undergo a recoverable deformation inside the 
yield surface; 
- Yield surface (f). A yield surface is usually defined as stress space. Deformations 
within the yield surface are assumed to be purely elastic, while both elastic and plastic 
deformations can be developed when the current stress moves outward from the yield 
surface. Yield surface expands in such a way that the stress state never exceeds it; 
- Plastic potential (g). The direction of plastic strain increment is governed by plastic 
potential, which is always normal to the plastic potential boundary surface regardless 
of the stress increment. Some models employ the simplifying assumption that f =g, 
therefore they are called associated flow rule models; on the contrary, other models 
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employ two different functions to describe f and g, therefore they are called 
non-associated flow rule models. In general, soil behavior follows the non-associated 
flow rule; 
- Hardening rule. The expansion of yield surface (i.e. hardening of the soil) follows 
basically two types of hardening rules, namely isotropic hardening and kinematic 
hardening.   
 
Cam clay model developed by Roscoe et al. (1963) at Cambridge University is 
recognized to be the first model in which the idea of elasto-plasticity was employed. This 
model assumes associated flow rule and isotropic hardening rule; in addition, the yield 
surface can be described by two parameters namely critical state parameter M and stress 
ratio η. However, the original cam-clay model has a limitation in its applicability such 
that plastic shear strain should be mobilized when following the isotropic stress path (i.e., 
p’=0). Thus its modification has been proposed by using an ellipsoidal yield locus 
(Roscoe and Burland, 1968).  
Even though the original and modified Cam clays models can describe the behavior 
of clay in triaxial testing, they are insufficient to model soil behavior under more general 
stress paths. In order to address the above issue, a modified stress ratio parameter of the 
Cam clay model was proposed by Sekiguchi and Ohta (1977). 
 
More recently with the development of more advanced laboratory testing apparatus such 
as true triaxial apparatus and torsional shear device, the importance of the effects of 
intermediate principal stress and rotation of principal stress directions on the behavior of 
soil was introduced, leading to the development of more sophisticated elasto-plastic 
models with more general flow rules and hardening mechanisms. Nakai and Mihara 
(1984) proposed a model which can describe the effects of the intermediate principal 
stress on the elasto-plastic soil behavior. On the other hand, Gutierrez et al. (1991) 
attempted to model the combined effects of both intermediate principal stress and rotation 
of principal stress directions. 
 
Since it is recognized that soil experiences large deformation more easily under cyclic 
shear loading conditions, many cyclic elasto-plastic models have been proposed by a 
number of researchers (Ghaboussi and Momen, 1979; Pastor and Zienkiewicz, 1986; 
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Nishi and Kanatani, 1990, Ishihara and Kabilamany, 1990; Prevost and Keane, 1990; Oka, 
1992; among other). Oka et al. (1992) simulated the liquefaction of a sandy sea bed due to 
ocean waves; Oka et al. (1994) attempted to model seepage failure of loose sand layers. 
In general, even though this model can qualitatively predict the excess pore water 
pressure generation and development of deformation during undrained loading conditions, 
they are not able to simulate the full liquefaction since simulation often ends up giving a 
closed loop with an effective stress much larger than the zero stress state even for very 
loose soil. In order to address the above, Oka et al. (1999) modified their original model 
by introducing the improved stress-dilatancy relationships and damage of plastic 
properties at higher stress levels. 
However, with the rapid development of laboratory test apparatus and measurement 
devices more accurate and/or additional characteristics of soil can be identified and 
described, therefore more additional concepts such as hardening mechanisms and virtual 
loading surface can be defined to model the real behavior of soil, at the expense of the 
intrinsic simplicity and robustness of elasto-plastic theory. 
 
1.2.3 Constitutive model based on multiple shear mechanism 
 
A different approach to model the general behavior of soil including the rotation of 
principal stress directions was proposed by Towhata and Ishihara (1985a). In this model 
called “multi spring concept”, based on the assumption of multi shear mechanisms in a 
soil element, inelastic springs connected to a rigid wall are employed to describe the 
stress-strain behavior of soil. Deformation of springs is taken as equivalent to shear strain 
in the corresponding shear mechanism and the overall shear deformation is modeled as 
the sum of contributions from multi shear mechanisms. External force on the soil element 
is assumed to be counter-balanced by the forces in springs. 
A constitutive model to describe the cyclic undrained behavior of sand based on 
multi spring concept was developed by Iai et al. (1992). In this model, known as 
“Towhata-Iai model”, shear deformation was modeled by employing the multi spring 
concept and the generation of excess pore water pressure was modeled by using a 
correlation between excess pore water pressure increment and shear work as proposed by 
Towhata and Ishihara (1995b). Despite its excellent performance in simulating undrained 
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behavior of sand, Towhata-Iai model has some limitations such as that, it can be applied 
only for two-dimensional problems under undrained conditions. 
In order to address the above issue, Nishimura (2002) proposed a constitutive model 
based on the multi spring concept in which generation of excess pore water pressure was 
modeled by correlating consolidation with an empirical stress-dilatancy relationship. In 
addition, the modified model can simulate the behavior of sand under more general 
drainage conditions with three dimensional loading. However, there still are several 
limitations such as that inherent anisotropy of the material (Arthur and Menzies, 1972) is 
not considerate and the steady state and continuous increase of shear deformation during 
liquefaction can not be modeled. 
 
1.2.4  Experimental approach to model soil behavior 
 
The use of hyperbolic type equation is another widely used approach to model non-linear 
stress-strain behavior of soil under drained condition. Hyperbolic equation has only two 
parameters with clear physical meanings namely, initial stiffness and peak strength, which 
can be determined by laboratory tests. In addition, its extended version (Tatsuoka and 
Shibuya, 1991a and 1991b) can model most given stress-strain relations satisfactorily by 
selecting appropriate parameters. 
Kondner (1963) is widely regarded as the pioneer in using the hyperbolic equation to 
model stress-strain behavior of soil. However, it was later found that the simulation from 
the original hyperbolic equation as proposed by Kondner (1963) is not in total agreement 
with actual test data particularly at small strain levels. 
On the other hand, Hardin and Drnevich (1972a and 1972b) proposed that the 
equivalent peak to peak shear modulus Geq can be correlated to single amplitude shear 
strain d(γ)SA by a form of hyperbolic relation. Although this relation can simulate stress 
strain relations under cyclic loading conditions reasonably, it does not fit the 
corresponding monotonic stress strain relations well (Teachavorasinskun et al., 1991).  
Therefore, in order to obtain a better degree of fitting with experiment data, models 
have been proposed with coefficients of correlation to modify the parameters of original 
hyperbolic model. Some models assume constant coefficients of correlation, while some 
assume that the coefficients of correlation are functions of strain.  
Tatsuoka and Shibuya (1991b) proposed a hyperbolic equation that has coefficients 
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of correlation, which are functions of strain to simulate stress-strain relations for a wide 
range of strain. This equation is well known as General Hyperbolic Equation (GHE). It 
has been verified that GHE can properly simulate the full stress-strain relationships of 
wide range of geomaterials under general loading conditions. 
Tatsuoka et al. (2003) successfully attempted to simulate the behavior of Toyoura 
sand subjected to cyclic plane strain compression and extension under drained condition 
by combining GHE with the well known Masing’s rule (1926) with modifications. GHE 
was employed to simulate the monotonic loading curves in compression and extension 
directions and the modified Masing’s rules were used to simulate the subsequent 
unloading and reloading branches. They have shown that the original Masing’s rule alone 
is not sufficient to simulate the cyclic behavior of sand as it reproduces the same curve 
(constant hysteresis damping ratio) for cyclic loading under the same stress amplitude 
while experimental evidences show that damping ratio decreases with the increase of 
number of cycles under the same stress amplitude due to rearrangement of particles. In 
order to take this into account, in the simulation they proposed to shift the monotonic 
loading curve in the corresponding loading direction to the opposite direction. This 
phenomenon is known as “drag” (Masuda, 1998; Tatsuoka et al., 2003).  
Balakrishnaiyer (2000) employed the same approach as Tatsuoka et al. (1999) to 
simulate the drained behavior of Chiba gravel subjected to cyclic triaxial loading. In 
addition, he attempted to propose some general rules that can be applied to any 
geomaterial in selecting the appropriate parameters for GHE. 
The applicability of GHE and modified Masing’s rules in simulating the behavior of 
Toyoura sand subjected to drained cyclic torsional shear was investigated by Hong Nam 
(2004). In addition, to better simulate the cyclic torsional behavior of sand, a modification 
to the original drag concept proposed by Tatsuoka et al. (2003) which consists of 
employing a hyperbolic drag function was introduced.  
However, it should be noted that all of the above attempts were applied to simulating 
stress-strain behavior of soil under drained condition well before its peak state (or less 
than 1 % of strain).  
In view of the shortcomings of the Masing’s rules with drag, in order to simulate the 
stress-strain behavior of sand subjected to drained large cyclic torsional shear loading two 
conceptual modification factors, which take into account the hardening behavior during 
cyclic loading and the damage of plastic stiffness at large strain level, were introduced by 
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De Silva (2008). 
  
1.2.5  Undrained behavior of soil: stress- dilatancy relationships 
 
Modeling of stress-strain relationship as explained above is not sufficient to describe the 
volumetric behavior of soil. Therefore, a relationship that deals with the ratio of plastic 
strain increments to stress ratio is required to address this problem in addition to 
stress-strain relationship. This relationship is known as the stress-dilatancy relationship.  
 
Various forms of stress-dilatancy relationships are proposed by various researchers for 
different loading conditions. Rowe (1962) derived stress-dilatancy relations for triaxial 
compression, triaxial extension and plane strain conditions by assuming that the ratio of 
energy increment input to the output is a constant (K).  
Some other widely known stress-dilatancy relationships include sliding block theory 
(Tokue, 1978; Moroto, 1987, etc), Roscoe’s energy dissipation equation (1963) and 
Taylor’s energy dissipation equation (1948). It should be noted that all the above stated 
stress-dilatancy relations are originally developed for monotonic loading conditions. 
Pradhan and Tatsuoka (1989a) modified these stress-dilatancy relations to apply to 
cyclic loading conditions and concluded that they are in reasonable agreement with the 
corresponding experimental evidences.  
Although there are various theoretical proposals for stress-dilatancy relationships, 
limited experimental investigations can be found in literature. It can be partly due to the 
technical difficulties involved in getting reliable and high resolution volume change 
measurements. Pradhan and Tatsuoka (1989b) were able to obtain stress-dilatancy 
relationships of Toyoura sand subjected to cyclic triaxial and simple shear loadings by 
employing a high-sensitive electronic balance to measure the volume change of specimen. 
Shahnazari (2001) also experimentally investigated stress-dilatancy relationships of 
Toyoura sand under different loading conditions. Balakrishnaiyer (2000) obtained 
stress-dilatancy relationship of Chiba gravel subjected to cyclic triaxial loading.  
However, it should be noted that the theoretical stress-dilatancy relations were 
derived only for either triaxial (dε2 = dε3, axial symmetric conditions) or plane strain (or 
simple shear) (dε2 = 0) conditions. Therefore, in order to deal with more general 
deformation modes such as torsional shear or true triaxial, empirical stress-dilatancy 
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relationships have been employed.  
 
A promising framework for modeling undrained behavior of soil is to relate the elastic 
volume change increment due to consolidation to plastic volume change increment due to 
dilatancy.  
Consolidation of soil alone is a widely investigated and well known phenomenon, 
while combination of consolidation and dilatancy as occurs during undrained cyclic 
loading is only poorly understood.  
It has been experimentally observed that over-consolidation significantly alters the 
stress-dilatancy relationships (Pradhan and Tatsuoka, 1989). On the other hand, effects of 
over-consolidation seem to vanish with the cyclic loading as well. Oka et al. (1999) 
proposed an elasto-plastic model to simulate undrained behavior of sand, which employs 
a stress-dilatancy relation that considers the effects of over-consolidation.   
 
1.2.6  An elasto-plastic model developed at IIS, University of Tokyo 
 
With the aim of simulating the behavior of saturated sand undergoing undrained cyclic 
loading which leads to liquefaction and large cyclic shear strain development, an 
elasto-plastic constitutive model which can describe both monotonic and cyclic torsional 
shear behaviors of saturated sand under drained or undrained condition was developed at 
IIS (Institute of Industrial Science), University of Tokyo.  
To simulate drained and undrained large cyclic behavior of sand, the proposed model 
requires accurate evaluation of irreversible strain component. Therefore, the quasi-elastic 
constitutive model, named IIS model (Hong Nam, 2004), is used as an additional tool to 
evaluate the elastic shear strain component. Hence, in analyzing hollow cylindrical 
torsional shear test data, the plastic shear strain component is obtained by subtracting 
from the measured total shear strain component the elastic one.  
The drained monotonic loading behavior which is defined in terms of shear stress- 
plastic shear strain relationship (i.e., skeleton curve) is modeled by a GHE (Tatsuoka and 
Shibuya, 1991b). 
Based on the experimentally obtained skeleton curves, behavior under cyclic shear 
loading is modeled by employing the extended Masing’s rules considering: (a) 
rearrangement of particles during cyclic loading (drag effect), (Tatsuoka et al., 2003; 
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Hong Nam, 2004); (b) damage of plastic shear modulus at large level of shear stress (De 
Silva, 2008) and (c) hardening of the material during cyclic loading (De Silva, 2008).  
In addition, in modeling undrained cyclic shear behavior it is assumed that the total 
volumetric strain increment during undrained loading, which consists of dilatancy and 
consolidation components, is equal to zero.  
An empirical bi-linear stress-strain relationship which varies with the amount of 
damage to the plastic shear modulus of the material is introduced in order to model the 
accumulation of plastic strain due to the application of drained cyclic torsional shear 
loading (De Silva, 2008). This stress-dilatancy relationship considers the effects of 
over-consolidation into account, since it has been experimentally observed that 
over-consolidation significantly alters the stress-dilatancy behavior of sand.  
Thus far, the elasto-plastic constitutive model developed at IIS, can simulate the 
liquefaction behavior of sand under undrained cyclic torsional shear loading until the 
specimen enters in a steady state. However, development of large deformation can not be 
simulated during the cyclic mobility.  
 
It is noteworthy that the motivation of the current study comes from the successful 
attempts as above described in simulating the liquefaction behavior of sand as well the 
cyclic large deformation behavior. No attempt has been made so far to model the 
undrained behavior of sand by considering the effect of static shear. Therefore, the 
objectives of the present study were set by aiming at modeling the cyclic undrained 
torsional shear behavior of saturated sand with initial static shear ultimately. 
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1.3 Objectives of this study 
 
In view of the above background, the following objectives of this study are set: 
 
(a) Investigate the effects of initial static shear on the large deformation properties of 
saturated sand subjected to undrained cyclic torsional shear loading. This consists of 
following points: 
 
a-i. Investigate the effect of static shear on the undrained cyclic torsional shear 
behavior of saturated Toyoura sand specimens up to single amplitude shear 
strain of about 50%.  
It should be noted that, such extremely large deformations could not be 
achieved in past studies on the effects of static shear on the undrained cyclic 
shear behavior of sand, due mainly to mechanical limitation of the employed 
apparatus and/or larger extents of non-uniform deformation of specimens at 
higher strain levels. In this study, extremely large deformations will be achieved 
by employing a torsional shear device modified for enlarging the effective range 
of torsional displacement; on the other hand, with the aim of obtaining higher 
uniform deformation of specimens at higher strains levels, medium-size hollow 
cylindrical specimens (Dout=15cm; Din=9cm: H=30cm) will be used. 
 
a-ii. Examine the mechanism of extremely large liquefaction-induced deformation of 
sand under various combinations of static and cyclic stresses (i.e., reversal stress, 
intermediate and non-reversal conditions) while keeping simple shear 
deformation conditions (ε a=ε r=ε θ=0) during the undrained cyclic torsional 
shearing process, with the aim of simulating as much as possible the simple 
shear condition that the ground undergoes during horizontal excitation. 
 
a-iii. Evaluate the effect of static shear on the failure behavior of saturated sand (i.e., 
failure due to liquefaction or residual deformation). To this scope, both 
monotonic and cyclic undrained behaviors of Toyoura sand specimens will be 
compared. 
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a-iv. Compare the behavior of sand observed in laboratory tests with the response of 
slopes of sandy deposits during past seismic events by using field investigation 
data reported in literature. 
 
(b) Modeling the effects of initial static shear on the liquefaction resistance and the failure 
characteristics of saturated sand. This consists of following steps: 
 
b-i. Simulate the stress-strain relationship of sand during the large undrained cyclic 
torsional shear loading by employing the GHE model and the extended Masing’s 
rules considering the damage of plastic shear modulus at large shear stress level 
and the hardening of the material during cyclic loading. Above all, in this study 
the effects of initial static shear on the stress-strain behavior of sand will be 
investigated and simulated.  
 
b-ii. Investigate the stress-dilatancy relationship of sand with considering the effects 
of initial static shear. The combined effects of over-consolidation and static shear 
on the stress-dilatancy will be examined and simulated as well.  
 
b-iii. Final goal of the current study is to propose an elasto-plastic model which makes 
it possible to simulate the effects of initial static shear on the undrained cyclic 
torsional behavior of saturated sand under stress reversal, intermediate and 
non-reversal loading conditions. The simulation results will describe the 
behavior of sand specimen in terms of stress-strain relationship and effective 
stress path. 
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1.4 Organization of the thesis 
 
In Chapter 1, the background of the proposed research plan and relevant previous studies 
are reviewed. The objectives of this study with regard to experimental observations and 
modeling are set on view of the background and previous studies. 
 
Chapter 2 is dedicated to the formulation of stresses and strains using torsional shear 
apparatus on hollow cylindrical specimens. Advantages and limitations of cylinder 
torsional devices are also briefly reviewed. 
 
In Chapter 3, first the testing material is identified by analyzing its index properties, 
particle shape and mineralogical components. Then the test apparatus which consists in a 
high-capacity torsional shear apparatus developed at the Institute of Industrial Science, 
University of Tokyo, is described in detail. Subsequently, the technique employed to 
prepare the specimens including the saturation methods are illustrated. Finally, the 
loading procedure is described.  
 
In Chapter 4, the results from the investigations on the effects of initial shear stress on the 
undrained cyclic behavior of saturated Toyoura sand subjected to cyclic torsional shear 
loading up to single amplitude of shear strain of about 50 % under various combinations 
of static and subsequent cyclic shear stresses are presented.  Effects of static shear on the 
types of loading, failure characteristics, resistance to liquefaction, modes of development 
of shear strain during cyclic shearing, specimen deformations and so on, are analyzed in 
order to have a comprehensive understanding of the role that the initial static shear plays 
on the undrained cyclic behavior of saturated Toyoura sand. 
 
Chapter 5 entails the attempt to model the undrained cyclic behavior of loose Toyoura 
sand with initial static shear subjected to undrained cyclic torsional shear loading. An 
elasto-plastic constitutive model developed at IIS and the modifications made in the 
current study to take the effects of initial static shear into account are presented. The 
satisfactory simulation results, in terms of effective stress path and stress-strain 
relationship, are presented and compared with the experimental observations. Resistance 
against liquefaction and shear strain accumulation, failure behaviors and the mode of 
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development of residual shear strain during cyclic loading obtained by simulation are also 
shown. 
 
In Chapter 6, a method to assess the failure behavior of sand specimens with initial static 
shear under undrained cyclic torsional shear loading is presented. Its applicability has 
been investigated on a wide range of combinations of static and cyclic shear stresses on 
very loose, loose and dense sand by referring to: (i) the results of undrained cyclic 
torsional shear tests; and (ii) a number of single-element numerical simulations by 
employing the elasto-plastic constitutive model developed in this study. In addition, the 
attempt made to directly compare tests results with the behavior of soil in site on the basis 
of filed data interpretation is presented.  
 
Chapter 7 is dedicated to the conclusions of this study. Recommendations for future 
studies are also presented.  
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2.1 Introduction 
 
In this study a torsional shear apparatus on hollow cylindrical specimen was employed to 
investigate the resistance to liquefaction and/or the development of extremely large 
deformation of saturated Toyoura sand specimens subjected to static shear. 
In spite of the many advantages and the wide range of applications, torsional shear 
tests on hollow cylindrical specimens have several limitations (e.g., non-uniformity of 
stresses and strains along radial and vertical directions, end restraint effects, membrane 
force and membrane penetration effects, system compliance, etc…) that may cause some 
errors in the evaluation of the stresses and strains.  
In addition, formulations of average stresses and strain on hollow cylindrical 
specimens are based on many assumptions on which there is no concrete agreement 
among researchers. Most researchers assume linear elasticity of the material when 
calculating the radial and circumferential stresses, and perfect plasticity when calculating 
the shear stresses.  
Saturated sand when tested may behave almost elastically at the earliest stage of the 
cyclic loading process, but the behavior becomes more and more like a plastic material 
whilst proceeding in the loading stage. Therefore it may be reasonable to assume that the 
real behavior of the sand is somewhere in-between these two extreme cases for which the 
difference in the average shear stress is small.  
 In this chapter, first the main index properties of coarse granular soils are reviewed. 
Then, possible errors in the evaluation of stresses and strains are briefly illustrated; finally, 
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2.2  Soil index properties 
 
Soils are made of solid particles with voids in-between. For most of the case the voids are 
filled with air and water. Therefore, soils are three-phase materials with solid, liquid and 






Fig. 2.1: Phase diagram of soils (Bardet, 1997). 
 
In soil mechanics, the proportions of the solid, liquid and air constituents are 
characterized by five dimensionless quantities: e, n, w, Sr and Dr. 
 












==  (2.1) 






=  (2.2) 
The water content (w) is the ratio of the weight of water (WW) to the dry weight of the 






w =          (%) (2.3) 
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The degree of saturation (Sr) is the ratio of the volume of the water (VW) to the volume of 







S      (%) (2.4) 
Sr ranges from 100% when VW = VV (i.e., fully saturated conditions) to 0 when VW = 0 
(i.e., perfectly dry conditions).  
 
In case of coarse-grained soils, the relative density (Dr) is defined to characterize the 
degree of compaction: 
where 
emax = maximum void ratio; 
emin = minimum void ratio; 
e = current void ratio. 
Dr varies from 0 when e = emax to 100 % when e = emin. In reality, emax and emin are not the 
absolute maximum and minimum void ratios of a soil, respectively. They are just index 
void ratios obtained by standard procedures. 






     (2.6) 
where 
Gs = specific gravity defined as the ratio of solid and water unit weight, γs / γw; 
γd = dry unit weight of soil, WS /V. 
CHAPTER 2 - Formulation of stresses and strains using torsional shear apparatus 
 
 2-5 
2.3  Errors in evaluating stresses and strains  
 
Torsional shear devices are a natural extension of the standard triaxial apparatus and 
provide a much wider variety of stress paths to be investigated and/or simulate, including 
rotation of principal stress directions.  
In particular, torsional shear tests on hollow cylindrical specimens are a good tool 
that can be used to investigate quasi-elastic properties of geomaterials (Di Benedetto et al., 
1999; Connoly and Kuwano, 1999; Hong Nam and Koseki, 2005; De Silva et al., 2005) 
as well as liquefaction (Ishihara, 1975; Yoshimine et al., 1998; Koseki and Ohta, 2001; 
Oka et al., 1992 and 1999; Kiyota, 2007; Kiyota et al., 2008). Independent control of four 
stress components namely, axial stress, torque, inner and outer cell pressures makes it 
possible to reproduce actual stress conditions of the ground under earthquake loading and 
investigate the behavior of soil in a more realistic way.  
In spite of the many advantages and a wider range of applications, torsional shear 
tests on hollow cylindrical specimens have several limitations that might cause some error 
in the evaluation of stresses and strains.  
First of all, making a good quality reconstituted specimen is a challenge. The 
conventional procedure for preparing hollow cylindrical sand specimens using the 
air-pluviation technique employs an alternative change of pluviation direction from 
clockwise to anticlockwise. However, the reliability of the conventional procedure in 
minimizing the degree of anisotropy of specimens in the horizontal bedding plane is 
questionable (Hong Nam and Koseki, 2005; De Silva et al., 2006).  
Secondly, boundary conditions in the horizontal direction of hollow cylindrical 
specimen are different form each other. The soil inside the hollow cylindrical specimen 
has rigid boundaries in the vertical plane, flexible boundaries in the radial plane and 
infinite boundaries in the circumferential plane. Therefore, even though the specimen is 
made with the utmost care to avoid possible anisotropy in the horizontal bedding plane, it 
is possible that the measured deformations in the radial and circumferential directions are 
significantly different from each other due to the different boundary conditions.  
Furthermore, the presence of rigid boundaries at the top cap and the pedestal restrains 
the deformation in the horizontal direction near the top cap and pedestal. This is called the 
effects of end restraint. It is impossible to apply any form of lubrication as in the cases of 
triaxial or plane strain testing of soils, because the specimen needs sufficient frictional 
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resistance at the top cap and the pedestal to apply shear stress.  
The membrane also contributes to error in the stresses and strains. There are two 
ways in which the membranes affect test results. The first one is related to the torsional 
resistance of the inner and outer membranes, while the second is related to membrane 
penetration. Generally, the membrane force is evaluated by employing the theory of 
elasticity which uses Young’s modulus of the membrane (Eq. 2.40). However, Kiyota et al. 
(2008) and Chiaro et al. (2009) found that the deviation of the actual membrane 
deformation to the uniform one that is assumed in theory becomes larger with an increase 
in strain levels, therefore the membrane force should be addressed by performing specific 
calibration tests.  
The membrane penetration is estimated with various equations and affects volume 
change measurements and pore water pressure in drained and undrained tests, respectively. 
This influence increases with the particle size for granular material; in addition, with the 
hollow cylinder specimens the area exposed to the membrane is larger than the one with 
solid cylinder specimens, therefore the membrane penetration more largely affects the 
measurement with the hollow cylinder specimens. 
Another important consideration is the stress-strain non-uniformity along the radial 
and vertical directions of the specimen. Various proposals to quantify the non-uniformity 
of stresses in the hollow cylindrical specimen can be found in literature (Hight et al., 
1983; Vaid et al., 1990; Yoshimine et al., 1998). This is unavoidable as the specimen has 
an inherent curvature and end restraint (Hight et al., 1983). Although it is preferable to 
reduce the wall thickness of the specimen to minimize such non-uniformity, effects of 
other factors as described above such as membrane effects, boundary conditions and 
anisotropy of the horizontal bedding plane can become significant in such cases. 
Therefore, selection of an appropriate specimen geometry and range of cell pressures is 
important to obtain reliable test data. 
Finally, compliance errors in the apparatus, such as bedding error, alignment 
problems, possible rocking movement of the top cap during shear, and specimen 
disturbance are larger in torsional shear apparatus than those in triaxial or plane strain 
apparatuses. 
Therefore, it necessary to have an understanding on the extent and nature of the 
above stated limitations and compliance problems in torsional shear testing of soils, and 
to take necessary precautions to minimize these effects as the torsional shear apparatus is 
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an all-in-one type soil testing device with a variety of loading possibilities. 
 
2.4 Formulation of stresses 
 
In the hollow cylinder torsional shear apparatus, four stress components on the specimen, 
namely radial stress (σr), circumferential stress (σθ), axial stress (σz) and shear stress (τzθ), 
can be defined by controlling the outer cell pressure (po), the inner cell pressure (pi) the 
vertical axial load (Fz) and the torque (T), as shown in Fig. 2.2. For this reason, hollow 
cylindrical specimens have four degrees of freedom from the point of view of the loads.  
In this study, the averaged stress components acting on hollow cylindrical 
components were calculated with reference to Ampadu (1991). Similar formulations were 
employed by Hight et al. (1983), Saada (1988), Pradhan et al. (1988), Pradel et al. (1990), 









Fig. 2.2: External forces and stress components acting on hollow cylindrical specimen 
 
 
2.4.1 Radial and circumferential stresses  
 
It should be noted that the actual distribution of stresses in the specimen is very 
complicated due to the end restraint effect and bedding error. Timoshenko and Goodier 
(1970) gave a solution to the problem of a right hollow cylinder subjected to uniform 
inner pressure pi and outer pressure po. Stress distribution is assumed to be symmetrical 
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with respect to the axis z of the hollow cylinder and the stress components do not depend 
on the radial angle θ and are a function of the radius r only. As a result, shear stress is 
equal to zero (τrθ = 0).  









rr  (2.9) 










+−=θσ  (2.11) 
where A and C are constants obtained by assuming the following boundary conditions: 
 irrr pi ==|σ  (2.12) 
 orrr po ==|σ  (2.13) 
in which ro and ri denote the current outer and inner radii of the specimen, respectively. 
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and by substituting Eq. (2.14) into Eq. (2.16) and Eq. (2.15) into Eq. (2.17) the following 

















=θσ  (2.19) 
 
In this study, the outer and inner cell pressures are kept equal to each other (pi = po), 
therefore, Eq. (2.18) and Eq. (2.19) yield  




2.4.2  Vertical stress 
 







σσσσ +++=  (2.21) 
where 
LC = axial load detected by the inner load cell; 




), cross-sectional area of the specimen; 
σh = horizontal stress (= σr = σθ); 
σg = γ’H/2, overburden stress of the specimen due to its self-weight at its mid height;  
γ’ = (GS-1)/(1+e)γw , unit weight of soil in water;  
H = height of the specimen; 
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In particular results 










−= εσ                (if  εz < 0, extension) (2.23) 
where 
εz = axial strain; 
tm = thickness of membrane; 
Em = Young’s modulus of membrane. 
 
 
2.4.3 Shear stress 
 
Shear stress τzθ  acting on a soil element with area drdrdA θ= can be linked with the 
torque T that is applied to the specimen as follows: 


























(a) (b) (c) 
Fig. 2.3: Shear stress distributions in a hollow cylindrical specimen:  
(a) linear elastic; (b) perfectly plastic; and (c) actual case 
 
For a shear strain that is small enough for the specimen to be well within the elastic range, 
the shear stress increases in direct proportion with the distance to the center (Fig. 2.3a). In 
this case, the shear stress at any distance along the radial direction can be computed by 
the following equation: 
 





z =θτ  (2.25) 
Therefore Eq. (2.24) can be rewritten as 









π  (2.26) 
and the elastic component of shear stress can be evaluated as 






















On the contrary, when a large strain is imposed so that the stress reaches its ultimate value 
at all the points within the cross section, the shear stress is distributed uniformly (Fig. 
2.3b); therefore, the shear stress at any distance along the radial direction can be 
computed by the following equations: 
 const
p
zz == θθ ττ  (2.29) 
























τ θ  (2.31) 
 
A specimen of saturated sand being tested may behave almost elastically at the early stage 
of cyclic loading, and it will become more and more like a plastic material as it proceeds 
in the loading stage. Eventually, when liquefaction sets in, the sand will exhibit the 
behavior as if it were a rigid-plastic material. Therefore it may be reasonable to assume 
that the real behavior of the sand (Fig. 2.3c) is somewhere in-between these two extreme 
cases for which the difference in the average shear stress is small. For this reason, in this 
study, the shear stress is averaged from Eq. (2.27) and Eq. (2.31) as shown below: 
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τ θθθ  (2.32) 
In Eq. (2.32), T is the torque acting on the soil which can be evaluated as 
 mCL TTT −=  (2.33) 
where 
TLC = torque detected by the load cell; 
Tm = membrane force (due to inner and outer membranes). 
 
In a hollow cylindrical specimen the membrane force due to inner and outer membranes 
can be evaluated as  
 ( )mizimozomm rrtT ,2,22 θθ ττπ +=  (2.34) 
The rubber membrane is a linear elastic material with Poisson’s ratioν =0.5; its shear 

















θθθ γγτ ==  (2.36) 
By using the definition in Eq.(2.36), Eq.(2.34) becomes 
 ( )mizimozommm rrEtT ,2,2
3
2
θθ γγπ +=  (2.37) 
where 
γzθ,mo = shear strain on the outer membrane;  








miz =,  (2.39) 








+=  (2.40) 




ro = outer radius of the specimen; 
ri = inner radius of the specimen; 
tm = thickness of membrane; 
Em = Young’s modulus of membrane; 
H = height of specimen; 
θ = rotation angle at top cap detected by potentiometer. 
 
 
2.4.4  Principal stresses 
 



























 rσσ =2  (2.42) 
The angle between the directions of the major principal stress σ1 with the vertical 















z2arctan2  (2.43) 
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Fig. 2.4: Mohr’s circles of stress 
 
 
2.5 Formulation of strains 
 
In this study, the averaged strains components acting on hollow cylindrical components 
were calculated with reference to Ampadu (1991).  
 
Axial strain εz, radial strain εr, circumferential strain εθ, and shear strain γzθ are the four 


















Fig. 2.5: Definition of radial and circumferential strains of a soil element 
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u = deformation of a soil element in radial direction;  
r = distance to the centre of the soil element from the centre of the specimen. 
 
Combining Eq. (2.45) and Eq. (2.46) yields 








θ  (2.47) 

















=  (2.48) 























ε  (2.49) 























ε  (2.50) 
where 
uo = displacement in the radial direction at the distance of the outer radius;  
ui = displacement in the radial direction at the distance of the inner radius;  
ro = outer radius of the specimen; 
ri = inner radius of the specimen. 
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θ  (2.52) 
where 
H = height of the specimen; 
θ = rotation angle at top cap detected by potentiometer. 
 
Evaluation of volumetric strain in a hollow cylindrical specimen is generally not easy, due 
to technical difficulties on the measurement of the change of the inner and outer 
diameters. 
To overcome these troubles, it is possible to employ a method to evaluate the change 
of both inner and outer diameters during the consolidation process, which is made based 
on the assumption of same ratio of change in the inner and outer radius of the specimen 
























0  (2.54) 
where, 
εvol = volumetric strain of the specimen; 
εz = axial strain of the specimen;  
di0 = initial inner diameter of the specimen; 
do0 = initial outer diameter of the specimen. 
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2.6  Membrane penetration effects 
 
Whenever the effective confining stress increases, the membrane penetrates into the voids 
of the granular material creating an error in the measured volume change as schematically 
illustrated in Fig. 2.6. The occurrence of volume change in undrained tests due to 
membrane penetration was first recognized by Newland and Alley (1959). Vaid and 
Negussey (1984) critically assessed the membrane penetration in triaxial tests and 
proposed two methods to assess the membrane penetration (MP). 
 
Multiple specimen method 
Three or more triaxial specimens of the same density and different diameters are 
subjected to the same type of isotropic compression or swelling or both. Then the 
measured volume change per unit surface area of the membrane covered by soil is plotted 
against the diameter of the specimen. The amount of membrane penetration per unit 
surface area of membrane can be obtained by the intercept of the plot. It is assumed in 
this method that the true volumetric strains occurred are the same in all the specimens 
with different diameters. 
 
Single specimen method 
One triaxial specimen is subjected to isotropic compression and swelling. It is assumed 
that the behavior of sand is truly isotropic during isotropic unloading (εz = εr = εθ). Hence 
the difference between the measured volumetric strain and the calculated volumetric 
strain by assuming truly isotropic behavior (εvol - 3εz) during isotropic unloading is the 
amount of volumetric strain due to membrane penetration.   
Vaid and Negussey (1984) and Tanimoto and Tanaka (1986) compared the assessed 
membrane penetration by the above two methods and found no significant difference.   
Goto (1987) evaluated membrane penetration per unit surface area (∆MP) of latex 
membrane of 0.3 mm thickness for a cylindrical Toyoura sand specimen as follows: 
 ( )' 0'103 /log107.1 rrMP σσ××=∆ −           (cm3/cm2) (2.55) 
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Fig. 2.6: Schematic illustration of membrane penetration  
and system compliance (after De Silva, 2008) 
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3.1 Introduction 
 
Toyoura sand (Toyoura silica sand or Toyoura standard sand) is the most employed sand 
for laboratory tests in Japan, due to its uniformity and its negligible percentage of fines 
content, as well as its wide availability. The shape of its particles is mostly sub-angular. 
From a mineralogical point of view Toyoura sand consists mainly of quartz. 
 
It is considered that simple shear tests simulate field stress conditions more closely than 
triaxial tests. However, due to mechanical limitations in performing simple shear tests the 
shear strain levels employed are limited to less than 10%. On the contrary, the torsional 
shear apparatus can aid in the investigation of the stress-strain behavior of sand under 
simple shear conditions up to larger deformation. 
 
In this study, in order to observe the effect of initial static shear on the undrained cyclic 
behavior of sand, a series of torsional shear tests on saturated Toyoura sand specimens 
were performed. During the process of the undrained cyclic torsional loading the vertical 
displacement of the top cap was prevented with the aim to simulate as much as possible 
the simple shear condition that the ground undergoes during horizontal excitation. 
 
In this chapter, first the testing material is identified by analyzing its index properties, 
particle shape and mineralogical components. Then the test apparatus which consists in a 
high-capacity torsional shear apparatus developed at the Institute of Industrial Science, 
University of Tokyo, is described in detail. Subsequently, the technique employed to 
prepare the specimens including the saturation methods are illustrated. Finally, the 
loading procedure is described.  
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3.2 Test material 
 
In this study, all the tests were performed on Toyoura sand (known also as Toyoura silica 
sand as well as Toyoura standard sand), which is uniform sand with negligible fines 
content under 75µm. The properties of this material are listed in Table 3.1, while the 
grain size distribution curve is shown in Fig. 3.1. 
 
Table 3.1  Material properties 
Material Gs emax emin D50 (mm) FC (%) CU CC 
Toyoura sand 2.656 0.992 0.632 0.18 0.1 1.65 1.20 
GS: specific gravity; emax: maximum void ratio; emin: maximum void ratio; D50: mean diameter;  
FC: fines content; CU: coefficient of uniformity; CC: coefficient of curvature. 
 
An important physical parameter to identify coarse soils is the shape of soil particles. In 
this regard, the standards for testing materials suggest that a visual observation on the 
grain of coarse soil be performed in order to define the shape of the particles. The particle 
shape of silts, sands and gravels ranges between very angular to well rounded (Fig. 3.3). 
Very angular particles can be found usually on the vicinity of rock slopes as product of 
rock weathering; on the other hand, well rounded particles can be found far from the 
original deposits and usually they have suffered the process of erosion due to wind and/or 
water action. 
By analyzing the picture in Fig 3.2 in which the single particles can be easily 
distinguished and compared with respect to their shape in Fig. 3.3, it is possible to say 
that the shape of Toyoura sand particles is mostly sub-angular. 
 
Another parameter useful to classify soils is the mineralogical composition. In this study, 
a mineralogical analysis revealed that the employed Toyoura sand consists mainly of 
quartz and limestone, with residual amounts of mica (i.e., biotite) and other 
iron-magnesium minerals (Fig. 3.2). A similar classification of sand was presented by 
Chiaro (2007) to describe the mineralogical composition of Fossanova sand (Italy). 
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Toyoura sand consists 
mainly of sub-angular 
quartz particles over 
85-90%. Prevalent is the 
presence of limestone 
with sub- rounded 
particle shape. Residual 
amount of mica and iron- 
magnesium minerals can 
also be found. 




Fig. 3.3: Classification of particle shapes of silts, sands and gravels (Coduto,1999) 
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3.3 Hollow cylinder torsional shear test apparatus 
 
In this study, a high-capacity torsional shear test apparatus developed at the Institute of 
Industrial Science, University of Tokyo was employed (Fig. 3.4a). 
After being modified in order to enlarge the range of torsional shear displacement level, 
it was made possible to achieve double amplitude shear strain levels exceeding 100% by 
employing a belt-driven torsional shear system which is connected to an AC servo motor 
through electro-magnetic clutches and a series of reduction gears. The details of the 
torque-transmission parts after the modification are shown in Fig. 3.4b and Fig. 3.4c. 
This apparatus mainly consists of a cell, loading devices, and measurement devices. 
The loading system of this apparatus consists of servo-controlled axial and torque loading 
devices. The axial load and torque are simultaneously and independently applied on the 
hollow cylindrical specimen via two servo-motors at constant strain rates, in principle. 
Each loading device has an electro-magnetic clutch which can reverse the loading 
direction instantly. The axial and torque loading and cell pressure are automatically 
controlled by a computer during the test including the consolidation stage before the shear 
loading. By using a lucid acrylic cell and drawing a grid on the external face of the outer 
membrane, specimen deformation behavior can be observed from the outside of the cell 
and its visual analysis can be performed by taking a series of pictures. 
 
3.3.1  Medium-size hollow cylindrical specimen  
 
This apparatus is capable of testing specimens with various dimensions ranging from 200 
mm in outer diameter, 120 mm in inner diameter and 300 mm in height to 90 mm in outer 
diameter, 60 mm in inner diameter and 200 mm in height.  
Larger specimen sizes make it possible to investigate the properties of soils with 
larger particles such as gravel; on the contrary, medium-size specimens with an outer 
diameter of 150 mm make it possible to perform tests on in-situ frozen specimens (Kiyota, 
2007; and Kiyota et al., 2008) as they are usually available in the form of cylinders of 150 
mm in diameter.  
In this study, a hollow cylindrical specimen with outer diameter of 150 mm, inner 
diameter of 90 mm and height of 300 mm was employed. 
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3.3.2 Vertical and torsional loading systems 
 
The vertical and torsional loading systems are schematically shown in Fig. 3.4b. Vertical 
and torsional loading capacities of the system are 8 kN and 0.15 kNm, respectively.  
The axial loading system consists of an AC servo-motor, a reduction gear system 
with two gears, electro magnetic clutches and brakes, and a ball screw with a 
pre-pressured nut. The motor always drives in one direction. Simultaneously, the upper 
gear is rotating in one direction and the lower gear is rotating in the opposite direction. 
The movement of the loading shaft is switched from downwards to upwards without any 
backlash by using the electric clutch.  
The torsional loading system also consists of similar devices. Torque is transmitted to 
the loading shaft by means of a metal band. Both vertical and torsional loading systems 
are designed to have nearly zero backlashes.  
 
3.3.3  Cell pressure  
 
Cell pressure is applied through an electro-pneumatic transducer (E/P) with a capacity of 
1000 kPa. Inner and outer cell pressures were kept equal to each other throughout the 
tests in the present study. Control of cell pressure and loading system was fully 
computerized.  
 
3.3.4 Measurement devices 
 
The employed system has 24 channels to measure stresses, strains and volume changes. 
Seven channels were used in this study: two channels for the two-component load cell 
(axial and torque loads), one channel for the External Displacement Transducer (ETD), 
two channels for inner and external potentiometers, and one channel each for High 
Capacity Differential Pressure Transducer (HCDPT) and Low Capacity Differential 
Pressure Transducer (LCDPT). The remaining channels were used in previous studies for 
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The function of each employed devices is described below: 
 
Two-component load cell  
A two-component load cell (Fig. 3.4a and Fig. 3.5) with a negligible coupling effect (i.e., 
no effect of axial load on torque measurement and vice versa) located inside the cell is 
employed in this apparatus. The capacities of vertical load and torque are of 8 kN and 
0.15 kNm, respectively. 
 
Inner potentiometer 
An inner potentiometer with a pulley having a diameter of 50 mm (Fig. 3.6) is attached to 
the top cap for measuring its rotational angle. It can detect shear strain levels up to 6%. 
 
External potentiometer 
An external potentiometer, as illustrated in Fig. 3.4c and Fig. 3.7, is employed to measure 
extremely large shear strain levels exceeding 100% in terms of double amplitude. 
 
High Capacity Differential Pressure Transducer (HCDPT) 
The HCDPT measures the confining stress by the difference in pressures between the cell 
pressure and the pore water pressure. The positive terminal of the HCDPT is connected 
with the cell chamber to measure the cell pressure, while the negative one is connected to 
both the top and bottom drainage tubes of the specimen in order to measure the pore 
water pressure. The employed HCDPT (Fig. 3.8) has a maximum capacity over 600kPa. 
 
Low Capacity Differential Pressure Transducer (LCDPT) 
The LCDPT (Fig. 3.9) measures the volume change by the difference in water heads 
between two burettes, one that collects drained water from the specimen and the other 
used as a reference.  
 
External Displacement Transducer 
Axial deformations outside the cell are measured by an EDT with a maximum range of 30 
mm (Fig. 3.10) located along the loading shaft. 
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Fig. 3.4: (a) Torsional shear test apparatus on hollow cylindrical specimen; 
 (b) loading device; and (c) plan view of torque-transmission part 
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3.3.5 Calibration of transducers 
 
Fig. 3.5 through Fig. 3.10 show the calibration test results obtained for the transducer 














R-Square(COD)        SD           N  P
------------------------------------------------------------
    0.99952     6.28283 9      <0.0001
------------------------------------------------------------
Y =13.32961+460.65046 X
Date           2009/11/06
Channel      1
Cal:             1000 µε
Range:        5 *100 µε
Filter:          10 Hz


























R-Square(COD) SD N P
------------------------------------------------------------
   0.99995       20.41712 23     <0.0001
------------------------------------------------------------
Date            2009/11/25
Channel      2
Cal:             1000 µε
Range:        2 *100 µε
Filter:          10 Hz



















Fig. 3.5: (a) Two-component load cell (axial and torque loads);  
(b) axial load calibration; and (c) Torque calibration 
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R-Square(COD) SD N P
------------------------------------------------------------
0.99986         0.00112       17      <0.0001
------------------------------------------------------------
Y =0.13013+0.03589 X
Date           2009/11/06
Channel      3
Cal:             2000 µε
Range:        50 *100µε
Filter:          30 Hz
















Fig. 3.6: Inner potentiometer and its calibration 
 
 








R-Square(COD) SD N P
------------------------------------------------------------
0.99998   0.00351 18 <0.0001
------------------------------------------------------------
Y =-0.13228+0.97476 X
Date           2009/02/10
Channel      4
Cal:             7000 µε
Range:       10 *100 µε
Filter:          10 Hz
















Fig. 3.7: External potentiometer and its calibration 
 
 









R-Square(COD) SD N P
------------------------------------------------------------
0.99999     0.4041  10 <0.0001
------------------------------------------------------------
Y =-137.72064+137.85514 X
Date         2008/12/12























Fig. 3.8: HCDPT and its calibration 
 












R-Square(COD) SD N P
------------------------------------------------------------


































Y = 4.98856+1.31059 X
------------------------------------------------------------
R-Square(COD) SD N P
------------------------------------------------------------
0.99996 0.02315 11 <0.0001
------------------------------------------------------------
Date           2009/11/06
Channel      6
Cal:             2000 µε
Range:        5 *100 µε
Filter:          10 Hz


















Fig. 3.10: External Displacement Transducer (EDT) and its calibration 
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3.4 Specimen preparation 
 
First the outer latex membrane of 0.3 mm thick was placed over the pedestal which 
contains a porous stone with blades in order to apply the necessary friction during the 
torsional shear loading. Then the gap between the outer membrane and the pedestal was 
sealed by using a rubber band and a rubber O-ring.  
 The inner latex membrane of 0.3 mm thickness was placed over a metal ring, which 
has a rubber O-ring at the top. Following this the metal ring together with the membrane 
was placed into the pedestal hole while taking the inner membrane out from the hole of 
the pedestal. Extreme care was taken not to damage the membranes at all times. The 
pedestal was then screwed into the apparatus base firmly. 
 The inner mould was then set. The inner mould consists of four metal parts, which 
makes a perfect cylinder, a steel ring that is used to keep the four parts together and a 
steel rod screwed at the end to keep the inner mould fixed in a vertical position. All four 
parts of the inner mould were placed inside the inner membrane, which comes out from 
the pedestal, and the mould was firmly fixed using the ring and rod. 
    Subsequently, the outer mould was then fixed. This outer mould consists of two 
symmetrical metal parts with two clamps to tighten them together. A small amount of 
lubricant (grease) was applied along the edges of the outer mould before fixing it. After 
fixing the outer mould, the extra part of the outer membrane was put over the outer mould, 
and it was ensured that the gap between outer membrane and the outer mould was 
perfectly sealed. A partial vacuum of 30 kPa was then applied to the space between outer 
membrane and outer mould. 
  The specimens were prepared by employing the air pluviation method proposed by 
Hong Nam (2004), which is a slight modification of the one described in the relevant 
standard procedure (JGS, 1998). This method was introduced in order to reduce the 
degree of inherent anisotropy in radial direction of the hollow cylindrical sand specimens 
(Hong Nam, 2004; and De Silva et al., 2006). Following this method, the specimens were 
prepared by pouring the sand into a mold while moving radially (R) the nozzle of the 
pluviator and at the same time circumferentially in alternative directions, i.e. first in 
clockwise (CW) and then anti-clockwise (ACW) directions, as shown in Fig. 3.11. To 
obtain specimens with initial relative density (Dr) (i.e., measured after achieving isotropic 
consolidation of 100 kPa) of about 45%, the falling height was selected to be 25.5 cm. 
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The falling height was kept constant during the pluviation process to get a specimen with 
highly uniform density.  
 After pluviating the material to the full height of the specimen, the top surface of the 
specimen was leveled horizontally by using a metal strip, and the waste material was 
collected and weighed. 
 The next step was to place the top cap over the specimen. First the top cap guider was 
fixed to one of the four steel poles that come from the base of the apparatus. Then a steel 
cable with three bolts connected to one end and with dead weight attached to the other 
end was attached to the top cap using the three bolts. After that the cable attached to the 
top cap was put over the pulleys of the guider and balanced using counter balances. The 
horizontality of the top cap surface was maintained by adjusting the three bolts before it 
was placed on the top of the specimen. Finally the top cap was placed very carefully over 
the specimen until it touched the top surface. Two clamps were then fixed symmetrically 
to two steel poles and the top cap was held in position by attaching it to the clamps using 
the bolts. After clamping, the extra part of the inner membrane was pulled gently over the 
top cap inner ring, and the extra part of the outer membrane was placed over the top cap 
outer ring. The specimen was perfectly sealed by using rubber bands, covering the inner 
and outer rings of the top cap.   
The counter balance was then applied again, and the clamps were removed. After a 
partial vacuum of 30 kPa was applied to the specimen, the outer mould was removed. The 
top cap was clamped again, and the inner mould was removed. 
The top cap was connected firmly to the load cell which was previously set on zero 
voltage reading. The other transducers such as inner and external potentiometers, HCDPT 
and LCDPT were set after, before the specimen was covered with the cell.  
The cell was filled with water and finally, the cell pressure was increased gradually 
up to 30 kPa, while reducing the partial vacuum applied to the specimen down to the 
atmospheric pressure, in order to maintain the same effective stress state acting on the 
specimen. When changing the vacuum into cell pressure, the dead weight above the 
specimen was counter-balanced every step of the way.  
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3.5 Saturation of specimen 
 
The saturation of the specimen was achieved by using either CO2 method (Fig. 3.12) or 
double vacuum method (Fig. 3.13). To saturate using the CO2 method, the specimen was 
kept under cell pressure without any back pressure. Then the voids inside the specimen 
were filled with CO2. It took at least 3 hours to complete this process for the specimen 
sizes used in the current study. CO2 was used because it dissolves in water allowing water 
to easily replace the air voids. Then the de-aired distilled water prepared in advance was 
allowed slowly to enter from the bottom of the specimen replacing the air in voids. 
Expelled air was taken out from the top of the specimen into a drainage tank. The 
specimen was assumed to be fully saturated when no air bubbles could be seen in the 
drainage tank. Usually it took about 6 hours to achieve this state for the specimen sizes 
used. 
 
The CO2 method was employed to saturate the first few tests of the current study. 
However, it was observed that the B value (Skempton, 1954) was less than 0.95 in some 
tests. Some uncertainty could be observed in saturating the specimen using CO2 method 

























Fig. 3.11: Schematic illustration of air-pluviation technique employed in this study  
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Therefore, in the following series, the double vacuum method (Ampadu, 1991) was 
employed to saturate the specimens. In the double vacuum method, a complete vacuum 
(-98 kPa) was applied to the specimen as a back pressure, while keeping the effective 
stress constant at 38 kPa by applying a partial vacuum of 60 kPa to the cell. The specimen 
was kept for about 3 hours under this state before allowing the water to enter. Then the 
de-aired distilled water was allowed to enter the specimen similar to that in the case of the 
CO2 method. A complete vacuum was applied to both the distilled water tank and the 
drainage water tank (Fig. 3.13).  
After the saturation process was completed, a back pressure of 200 kPa was applied, 
while keeping the effective stress constant, to further increase the degree of saturation of 
the specimen by compressing any remaining air.  
 
In general, laboratory tests are performed on water-saturated samples because unsaturated 
sand is significantly less liquefiable than saturated sand (Fig. 3.14). 
The extent of water saturation of tested specimens can be evaluated by using 
Skempton’s B value, because B value is a more sensitive index than the degree of 
saturation when a specimen is near complete saturation.  
 
Skempton (1954) described the increment of pore water pressure in soil undergoing 
undrained stress increments by  
 
 ( ){ }313 σσσ ∆−∆+∆=∆ ABu  (3.1) 
 
where: 
∆u = increment of pore water pressure; 
∆σ1 = increment of major total principal stress;  
∆σ3 = increment of minor total principal stress.  
 
In particular, in Eq. (3.1), the first term (∆σ3) stands for the contribution as result of the 
isotropic stress increment, while the latter (∆σ1- ∆σ3) corresponds to the component 
produced by shear-induced dilatancy. 
 
Under the undrained isotropic loading, equal stress increments (∆σ1= ∆σ3) are applied to 
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the specimen, therefore Skempton’s A value becomes zero (A=0). Hence, the extent of 
saturation can be evaluated by comparing the measured pore water pressure increment 
with the theoretical value of fully saturated sand (i.e., for ideally and fully saturated 







B  (3.2) 
 
The correlation between B value and the degree of saturation Sr is expressed by Eq. (3.3).  
 
 
As shown in Fig. 3.15, saturation can be considered to be satisfactory for a B value 
greater than 0.96. When saturation is not satisfactory, the back pressure (PBP) is raised to 
higher values so that the pore air solves into the water and the remaining size of the 
























































































































Fig. 3.12: CO2 method as used in this study: (a) before saturation to remove air into the specimen; and 

































































(1) Cell chamber 
(2) Specimen 
(3) Drainage system 
(4) Water tank 
(5) Drainage water tank 
(6) Vacuum regulator 
(7) A/V vacuum source 




RT: right side 
LF: left side 
(a) (b)  
Fig. 3.13: Double vacuum method as used in this study: (a) before saturation to remove air into the 
specimen; and (b) while saturating the specimen by using de-aired distilled water  
 
 
(1) Cell chamber 
(2) Specimen 
(3) Drainage system 
(4) Water tank 
(5) Drainage water tank 
(6) Pressure regulator 
(7) CO2 source 
OP: open 
CL: close 
RT: right side 
LF: left side 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 





Fig. 3.14: Results of tests showing the effects of the degree of saturation on  






















































































Fig. 3.15: Example of correlations between Skempton’s B value  
and the degree of saturation by varying the back pressure (after Towhata, 2008)  
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3.5  Tests procedure 
 
All the tests were performed on Toyoura sand specimens with relative density (Dr) of 
about 44-48 %, as defined at an isotropic effective stress state of 100 kPa. After 
completing the saturation process by employing the CO2 method or the double vacuum 
method, a back pressure of 200 kPa was applied in order to achieve higher degree of 
saturation (B > 0.96). The specimens were subjected to three steps of loading as follows: 
 
i)  Isotropic consolidation 
All the specimens were isotropically consolidated by increasing the effective stress 
state up to 100 kPa, with a back pressure of 200 kPa; 
 
ii)  Drained monotonic torsional shear loading 
The isotropically consolidated specimens were monotonically sheared at strain rate of 
0.5 %/min under drained conditions, in order to apply a specified value of initial 
static shear representative of sloping ground conditions, followed by a drained creep 
for about 5 min or even larger;  
 
iii)  Undrained cyclic torsional shear loading 
Finally, in order to study the behavior of sandy specimens under seismic conditions 
(i.e., liquefaction resistance and/or development of large deformation), undrained 
cyclic torsional loading with constant amplitude of shear stress was applied at a 
constant shear strain rate of about 2.5 %/min. 
 
As listed in Table 3.2, cyclic loading tests were performed over a wide range of initial 
static shear (τstatic) varying from 0 to 20 kPa. Two levels of cyclic shear stress (τcyclic), 16 
kPa and 20 kPa in single amplitude, were employed in this study in order to consider 
various combinations of initial static and cyclic shear stresses.  
The loading direction was reversed when the combined shear stress which was 
corrected for the effect of membrane force, reached the target value τmax or τmin. During the 
process of undrained cyclic torsional loading the vertical displacement of the top cap was 
prevented with the aim to simulate as much as possible the simple shear condition (Fig. 
3.16) that the ground undergoes during horizontal excitation. 
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The membrane force was evaluated by conducting a special test which consists in 
filling water in between outer and inner membranes and shearing cyclically the water 
specimen under undrained condition up to a single amplitude shear strain of 50 %, as 
described in the details hereafter. 
 
As listed in Table 3.3, in order to compare the monotonic and cyclic loading behaviors of 
saturated Toyoura sand specimens as well as to calibrate the GHE model parameters 
employed in the modeling, several drained and undrained monotonic torsional shear tests 
were performed, following similar procedures as above described. 
 
 
Table 3.2  Undrained cyclic torsional shear tests with static shear performed in this study 












1 (16-00) 0.825 46.4 100 16 0 16 -16 
2 (16-05) 0.828 45.5 100 16 5 21 -11 
3 (16-10) 0.824 46.6 100 16 10 26 -6 
4 (16-15) 0.833 44.2 100 16 15 31 -1 
5 (16-16) 0.825 46.5 100 16 16 32 0 
6 (16-17) 0.820 47.9 100 16 17 33 1 
7 (16-20) 0.829 45.3 100 16 20 36 4 
8 (20-00) 0.819 48.1 100 20 0 20 -20 
9 (20-05) 0.819 48.0 100 20 5 25 -15 
10 (20-10) 0.828 45.6 100 20 10 30 -10 
11 (20-15) 0.832 44.4 100 20 15 35 -5 
12 (20-20) 0.823 46.9 100 20 20 40 0 
The shear stress τ is corrected for effect of membrane force. The cyclic shear stress is applied under 
undrained condition, while preventing any vertical displacement of top cap. 
e = void ratio; Dr = relative density; p0’ = initial effective mean principal stress; 
τcyclic = cyclic shear stress; τstatic = static shear stress; 
τmax = τstatic+τcyclic , maximum reversal/combined shear stress; 

















14 (D1) 0.811 50.4 100 Not achieved 
15 (D2) 0.810 50.6 100 77.5 
16 (U1) 0.828 45.6 100 24.5 
The shear stress τ is corrected for effect of membrane force.  
The shear stress is applied while preventing any vertical displacement of top cap. 
e = void ratio; Dr = relative density;  







Fig. 3.16: Torsional simple shear deformation (Pradhan et al., 1988) 
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4.1 Introduction 
 
Soil elements within the sloped ground are subjected to an initial static shear stress on the 
horizontal plane or an assumed failure plane. During earthquake shaking, these elements 
are subjected to additional cyclic shear stress due to shear waves propagating vertically 
upward from the bedrock. The superimposition of static and cyclic shear stresses can have 
major effects on the response of soil, leading to liquefaction-induced failure of natural 
and artificial slopes of sandy deposits and the consequent development of extremely large 
ground deformation.  
 
As far as the authors have investigated in the literature, there exists no previous study on 
the role of initial static shear stress on the undrained cyclic behavior of saturated sand in 
which the strain level could exceed more than 20 %. In previous studies, in the case of 
simple shear tests (Vaid and Finn, 1979) or torsional shear tests (Tatsuoka et al., 1982), 
the shear strain level was limited to 10 % due mainly to mechanical limitation of the 
employed apparatus; as well, in the case of triaxial tests, due to larger extents of 
non-uniform deformation of the specimen at higher strain levels, the axial strain level 
could not exceed 20 % (Vaid and Chern, 1983; Hyodo et al., 1991, among others). 
 
In view of the above, the purpose of this study is set to better understand the effects of 
initial static shear on the liquefaction behavior and to investigate the large deformation 
properties of saturated sand subjected to undrained torsional shear loading.  
In this chapter, the results from the investigations on the effects of initial shear stress 
on the undrained cyclic behavior of saturated Toyoura sand subjected to cyclic torsional 
shear loading up to single amplitude of shear strain of about 50 % under various 
combinations of static and subsequent cyclic shear stresses are presented.  
 Effects of static shear on the types of loading, failure characteristics, resistance to 
liquefaction, modes of development of shear strain during cyclic shearing, specimen 
deformations and so on, are analyzed in order to have a comprehensive understanding of 
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4.2 Reversal, intermediate and non-reversal stress conditions 
 
Most of the researches that have been conducted to study the liquefaction resistance of 
sands are concerned with the horizontal ground in which soil elements are assumed to be 
subjected to fully reversed cycles of shear stress during an earthquake. 
However, soil elements within sloped ground are subjected to an initial static shear 
stress on the horizontal plane. During earthquake shaking, due to the superimposition of 
the static shear with the cyclic shear stress, these elements can experience partially 
reversed or non-reversed shear stress loading conditions.  
 
It is widely recognized that the degree of reversal stress is an important parameter for 
evaluating the effects of initial static shear on the failure behavior of sand.  
Among others, Hyodo et al. (1991) employed the ratio of cyclic deviator stress to the 
initial static shear stress (Eq. 4.1) to characterize the triaxial behavior of isotropically and 







R =  (4.1) 
Therefore, the pattern of failure of sand specimen was distinguished into two kinds, 
liquefaction and residual deformation based on the degree of stress reversal, stress path 
and stress-strain relationship. In the cases of stress reversal and intermediate on loose 
sand specimen, failure was associated with liquefaction, while in the other cases it was 
found that residual deformation brought the specimen to failure even though no 
liquefaction occurred; also failure was not observed in the case of non-reversal on the 
dense sand specimens. 
 
4.2.1 Types of loading in torsional shear tests 
 
In this study, in order to evaluate the effects of initial static shear on the large deformation 
properties of saturated sand in undrained cyclic torsional shear tests, various 
combinations of initial static shear and subsequent cyclic shear stresses were considered. 
Depending on the relative magnitude of initial static shear and the cyclic shear stresses 
the degree of reversal loading was defined by Eq. (4.2).  
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Eq. (4.2) was proposed in this study, in order to define a degree of reversal within a range 
of finite value as listed in Table 4.1; in fact, the degree of reversal as defined by Hyodo et 
al. (1991) gives an infinite value (R = ∞) for a zero value of initial static shear. 
Eq. (4.2) is the ratio between the double amplitude shear stress (2τcyclic) and the 
maximum combined shear stress (τmax = τstatic +τcyclic) which is corrected by a convenient 
factor -1 in order to obtained R*=1 in case of fully reversal loading and R*=0 in case of 





















































































R  (4.3) 
Later, it was found that the latter equation corresponds to the definition used by Yoshimi 
and Oh-oka (1975) for analyzing the behavior of sand with initial static shear in ring 
torsional shear tests.  
 
Consequently, the cyclic loading paths could be classified into three groups: stress 
reversal, intermediate and non-reversal, as schematically shown in Fig. 4.1.  
The definition of each type of loading as proposed in this study is given hereafter: 
Reversal. In the tests in which τstatic <τcyclic, during each cycle of loading the combined 
static and cyclic shear stress value was reversed from positive (τmax =τstatic+τcyclic > 0) to 
negative (τmin =τstatic-τcyclic < 0), or vice versa (Fig. 4.1a); therefore, this type of loading 
path was called stress reversal.  
Intermediate. In the case where τstatic =τcyclic, the reversal of loading direction was made 
when the minimum combined shear stress (τmin) achieved zero state during the torsional 
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undrained shear loading (Fig. 4.1b); this type of loading path was called stress reversal.  
Non-reversal. On the other hand, when τstatic >τcyclic, the combined shear stress was kept 
always positive (Fig. 4.1c); this type of loading was called non-reversal.  
 
 
Table 4.1  Definition of stress reversal, intermediate and non-reversal loading tests. 










Type of  
loading 
1 (16-00) 16 0 16 -16 1.00 Rev. 
2 (16-05) 16 5 21 -11 0.52 Rev. 
3 (16-10) 16 10 26 -6 0.23 Rev. 
4 (16-15) 16 15 31 -1 0.03 Rev. 
5 (16-16) 16 16 32 0 0.00 Int. 
6 (16-17) 16 17 33 1 -0.03 N-Rev. 
7 (16-20) 16 20 36 4 -0.11 N-Rev. 
8 (20-00) 20 0 20 -20 1.00 Rev. 
9 (20-05) 20 5 25 -15 0.60 Rev. 
10 (20-10) 20 10 30 -10 0.33 Rev. 
11 (20-15) 20 15 35 -5 0.14 Rev. 
12 (20-20) 20 20 40 0 0.00 Int. 
τmax = τstatic +τcyclic, maximum combined shear stress  
τmin = τstatic -τcyclic, minimum combined shear stress 
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Fig. 4.1: Schematic loading types under torsional shear conditions while referring 
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4.2.2 Reversal loading test results 
 
Fig. 4.2 shows typical reversal loading test results (e.g., Test 2) in which cyclic mobility 
was observed in the effective stress path, where the effective stress recovered repeatedly 
after achieving the state of zero effective stress (i.e., full liquefaction). It was 
accompanied with a significant development of shear strain as evidenced by the 
stress-strain relationship. 
 
4.2 .3 Intermediate loading test results 
 
Fig. 4.3 illustrates typical intermediate loading test results (e.g., Test 12). This type of 
tests shows similar behavior to that of the reversal cases, in the sense that after reaching a 
fully liquefied state (p’= 0), progressive large deformation are developed while showing 
cyclic mobility. However, it can be distinguished from the reversal case by looking at the 
failure characteristics, which will be explained later in section 4.3. 
 
4.2 .4 Non-reversal loading test results 
 
Fig. 4.4 represents typical non-reversal loading test results (e.g., Test 7). In this case, the 
state of zero effective stress was not achieved even after applying 208 cycles of loading; 
however, even though liquefaction did not occur, a large shear strain level exceeding 
50 % was reached, and formation of spiral shear band could be observed (see section 4.6 
for the details of specimen deformation). 
The results of the above non-reversal loading test indicate that, when the combined 
shear stress cannot achieve the zero state, full liquefaction (i.e., the zero effective stress 
state) does not occur. However, this does not mean that sand is very resistant against 
seismic loading; in fact, a significant magnitude of combined shear stress may cause 
failure as evidenced with the formation of shear band. 
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Fig. 4.2:  Typical results of reversal loading tests:  
(a) Effective stress path; and (b) Stress-strain relationship. 
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Fig. 4.3: Typical results of intermediate loading tests:  
(a) Effective stress path; and (b) Stress-strain relationship. 
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Fig. 4.4: Typical results of non-reversal loading tests: 
(a) Effective stress path; and (b) Stress-strain relationship. 
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4.3  Failure characteristics 
 
It is recognized from post-earthquake field investigations and many laboratory tests that 
soils susceptible to liquefaction consist mainly of saturated, uniform grain size 
distributions, deposited in loose states. However, the fact that a soil is susceptible to 
liquefaction does not guarantee that liquefaction will actually initiate during an 
earthquake event.  
It is also recognized that the stress conditions (confining pressure, cyclic shear and 
initial static shear stresses) play an important role in the liquefaction behavior of soil, the 
type of failure mechanism and the mode of development of soil deformation, especially in 
the case of slopes of sandy deposits. 
Many studies on the liquefaction of sand, including the current one, show that under 
non-reversal stress conditions (see section 4.2), saturated loose sand most likely will not 
experience liquefaction. However, this does not mean that sand is very resistant against 
seismic loading, in fact, a significant magnitude of combined static and cyclic shear 
stresses may cause failure of soil even though liquefaction does not take place. 
 In view of the above, it is definitely important not only to have a clear understanding 
of the liquefaction mechanisms, but also to carry out in depth investigation on the effects 
of static shear on the failure modes of saturated sandy soil during undrained shearing.  
 
4.3.1 Failure behavior of sand in undrained cyclic torsional shear tests 
 
As seen in section 4.2, the failure behavior of sand can be correlated with the degree of 
reversal stress. In this study, similarly to the results presented by Hyodo et al. (1991), in 
the case of reversal and intermediate loading patterns, failure of the specimen was 
induced by full liquefaction; on the other hand, in the case of non-reversal loading, 
residual deformation brought the specimens to failure.  
However, for a comprehensive understanding of failure behavior of sand, in addition 
to the degree of stress reversal, other factors should be taken into account. 
Therefore, in this study, the observed failure mechanisms were analyzed in terms of 
the difference in the effective stress paths and the modes of development of shear strain 
during both monotonic and cyclic undrained torsional shear loading. Hence, three types of 
failure could be identified:  
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4.3.2   Cyclic Liquefaction Failure 
 
In some cyclic tests, the shear stress reached a maximum value (τmax ) which was lower 
than the peak stress during undrained monotonic loading (τpeak); in addition, the minimum 
shear stress value was negative (τmin< 0). Under these stress conditions (i.e., reversal 
stress), while undergoing several tens of cycles, due to the excess pore water pressure 
generation, the effective mean principal stress progressively decreased and the stress state 
moved toward the failure envelope and finally reached the full liquefaction state (p’=0). 
Then, in the post liquefaction process, large deformations were developed. Fig 4.5 shows 
typical test results of cyclic liquefaction failure (LQ). 
 
4.3.3   Rapid Flow Liquefaction Failure 
 
In other tests, the shear stress reached a maximum value which was higher than the peak 
stress during undrained monotonic loading (τmax > τpeak), while due to stress reversal or 
intermediate conditions the minimum shear stress value was negative (τmin< 0)  or 
zero (τmin< 0), respectively. As a result, liquefaction took place mostly in-between the first 
cycle of loading (few cycles for intermediate tests) and a rapid development of residual 
strain was observed. Typical test results of rapid flow liquefaction failure (RF) are shown 
in Fig. 4.6 and Fig. 4.7 for reversal and intermediate loading cases, respectively. 
 
4.3.4   Residual Deformation Failure  
 
In some tests the shear stress reached a maximum value which was higher than the peak 
stress during undrained monotonic loading (τmax > τpeak), as well as the minimum shear 
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during cyclic loading large deformations were achieved rapidly, while in general 
liquefaction was not reached even after applying many tens of cycles. As a result, residual 
deformation brought the sample to failure. Fig. 4.8 illustrates typical tests results of 
residual deformation failure (RD). 
 
It should be noted that, in Test 6 (16-17), in which the degree of reversal loading was just 
lower than zero (i.e., R* = -0.03, non-reversal), full liquefaction (p’=0) took place after 
applying 13 cycles, as shown in Fig. 4.8. However, at the cycle at which liquefaction was 
achieved, the shear strain already exceeded 20%. As a result, the failure behavior of this 
specimen was associated with the large residual deformation, while the liquefaction was 
not the main cause of specimen failure. 
 In chapter 5, the simulation results confirmed that, although the amount of the 
non-reversal stress is only 1 kPa, liquefaction does not take place; therefore, the 
liquefaction behavior observed in laboratory for Test 6 (16-17) can be associated with 
technical limitations in conducting accurate correction for membrane force and/or stress 
control. 
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4.3.5   Flow Liquefaction Surface  
 
Kramer (1996) showed that the initiation of the flow liquefaction failure can be 
determined by looking at the effective stress path and it depends on the level of initial 
confining pressure. The behavior of five loose sand specimens isotropically consolidated 
to the same void ratio at different initial effective confining pressure was compared, and 
the stress conditions required to initiate flow liquefaction failure could be established (Fig. 
4.10). Flow liquefaction was initiated at the peak of the stress paths. The boundary 
described by the locus of these points was termed the flow liquefaction surface (FLS). 
Hence, it is recognized that flow liquefaction begins when the stress path crosses the FLS 
during undrained monotonic or cyclic shear loading. 
 
In the test results presented in this study, the initial effective confining pressure was not 
changed; however, by taking the effects of initial static shear into consideration, a FLS 
with similar features to the one described by Kramer (1996) could be defined.  
 Flow liquefaction behavior was observed in the tests in which the stress path exceeds 
the point of peak stress before the cyclic shearing. In Fig. 4.11 the response of three 
saturated loose Toyoura sand specimens under the same conditions of initial void ratio 
and confining pressure by varying the initial static shear stress level are examined. 
 It can be seen that the stress at peak state increases with an increase of the initial 
static shear stress level; in accordance with the results presented by Kramer (1996) this 
represents the stress condition required to initiate the flow liquefaction failure.  
 As a result, drawing a line passing through these points, a boundary with the meaning 
of FLS could be defined for specimens under the same void ratio and initial confining 
pressure, but varying the effect of initial static shear stress, as shown in Fig. 4.11. 




























































































































Fig. 4.5: Typical cyclic liquefaction failure (LQ) behavior:  
(a) Effective stress path; and (b) Stress-strain relationship 
(refer to Fig. 4.2 for the complete test results) 
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Fig. 4.6: Typical rapid flow liquefaction failure (RF) behavior for reversal tests:  
(a) Effective stress path; and (b) Stress-strain relationship. 
 
 

















































































































Fig. 4.7: Typical rapid flow liquefaction failure (RF) behavior for intermediate tests:  
(a) Effective stress path; and (b) Stress-strain relationship 
(refer to Fig. 4.21 for the complete test results) 
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Fig. 4.8: Typical residual deformation failure (RD) behavior:  
(a) Effective stress path; and (b) Stress-strain relationship 
(refer to Fig. 4.4 for the complete test results) 
 




















































































































Fig. 4.9: Results of Test 6 (16-17): (a) Effective stress path; and (b) Stress-strain relationship. 
In liquefaction was not the main cause of specimen failure, therefore the specimen failure was 
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Fig. 4.10: Flow liquefaction surface (FLS) as defined by Kramer (1996). 
 
 





























Test   7:  Dr = 45.3 %
Test 10:  Dr = 45.6 %
Test 11:  Dr = 44.4 %
 
 
Fig. 4.11: Flow liquefaction surface (FLS) as defined in the current  
study by considering the effects of initial static shear stress. 
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4.4  Resistance to liquefaction and cyclic strain accumulation 
 
Usually, the resistance to liquefaction or cyclic strain accumulation is expressed by the 
cyclic stress ratio (CRS =τcyclic / p’0) required to develop a specific amount of deformation 
from the initial configuration of the specimen or during cyclic loading (i.e., single or 
double amplitude shear strain). 
 However, in many cases, it can be seen that cyclic stress ratio is not a sufficient 
single parameter to describe the effects of initial static shear on the resistance to 
liquefaction or cyclic strain accumulation. Therefore, in this study, to address this issue, 
the liquefaction resistance curves were described in terms of both the cyclic stress ratio 
(CSR) and the static stress ratio (SSR=τstatic / p’0), as listed in Table 4.2. 
 
To describe the resistance to liquefaction, double amplitude shear strain (γDA) and/or 
single amplitude shear strain at the maximum shear stress state (γSA,τ=τmax) are typically 
used. However, as schematically shown in Fig. 4.12, in using initial static shear, the stress 
conditions become non-symmetric with respect to the zero stress state; as a result γDA is 
not well representative of the strain accumulation during cyclic loading. Therefore, in the 
current study, the resistance to liquefaction (or more strictly, resistance to cyclic strain 
accumulation) was evaluated in terms of number of cycles required to develop a specific 
amount of single amplitude shear strain (γSA), which in this study was referred as the 
residual deformation (γRS), to be in accordance with the strain parameter used in section 
4.5 to examine the effects of initial static shear on the deformation properties of sand. 
 
Fig. 4.13 shows the resistance to liquefaction in terms of relationships between either the 
CSR or SSR and the number of cycles required to achieve the full liquefaction state of 
p’=0 (NL). It can be seen that in the plot CSR - NL, the resistance to liquefaction decreases 
with an increase in the initial static shear. On the contrary, the plot SSR - NL more clearly 
revealed that at lower levels of SSR the number of cycles required to achieve p’=0 
decreases with SSR. Then, additional/sudden drop in liquefaction resistance occurs when 
higher SSR is employed. Such change can be associated with a change in the failure 
behavior from LQ to RF. Moreover, the resistance to liquefaction increases for the 
specimen which shows a RD failure; this additional change in liquefaction behavior can 
be explained with the fact that RD does not allow liquefaction to occur, as described in 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 
  4-22 
the section 4.3. It should also be noted that, as show in previous studies, the resistance 
against strain accumulation decreases with an increase in CSR. 
 
In accordance with the latter consideration, the resistance to liquefaction expressed in 
terms of p’=0 cannot be representative of the tests in which the full liquefaction was not 
achieved. Therefore, to address this issue, the resistance to liquefaction (or more strictly, 
resistance to cyclic strain accumulation) was evaluated in terms of number of cycles 
required to develop a specific amount of residual shear strain γRS.  
  Fig. 4.14 through Fig. 4.17 show the resistance to cyclic strain accumulation in 
terms of the relationship between either the CSR or SSR and the number of cycles 
required to develop a γRS of 5 % (N5), 10 % (N10), 20 % (N20) and 50 % (N50), respectively. 
Similarly to the liquefaction resistance, the resistance to strain accumulation can either 
increase or decrease depending on the level of initial static shear stress and the failure 
mechanisms. 
 As shown in Fig. 4.14, the number of cycles to develop γRS of 5 % decreases with an 
increase in the initial static shear. In addition, the observed drop in resistance to strain 
accumulation can be associated with the change in failure mode from LQ to RF.  
 On the contrary, Fig. 15, Fig. 16 and Fig. 17 show that, the number of cycles to 
achieve a specific amount of 10 %, 20% and 50 % shear strain, first decreases and then 
increases with increasing the static shear stress. Similarly to the case of liquefaction 
resistance, the two-phase change in strain accumulation behavior can be associated with a 
two-phase change in failure behavior, from LQ to RF and from RF to RD.  
It should be noted that, the results presented in Fig. 4.17 represents one of the goal of 
this study. In fact, they can help to understand the liquefaction-induced extremely large 
deformation behavior of slopes of sandy deposits that was observed during past large 
large-magnitude earthquakes, as explained later in chapter 6.  
 
In conclusion, these tests results show that the presence of initial static shear does not 
always lead to an increase in the resistances against liquefaction and strain accumulation. 
They can either increase or decrease depending on the magnitude of the combined shear 
stress and the type of loading (i.e., degree of reversal stress), and the failure behaviors. 
 
 




Table 4.2  Liquefaction, strain accumulation and failure characteristics. 
Test SSR= 
τstatic / p’0  
CSR= 













1 (16-00) 0.00 0.16 34 35 36 38 48 LQ 
2 (16-05) 0.05 0.16 20 20 23 26 33 LQ 
3 (16-10) 0.10 0.16 10 9 11 13 20 LQ 
4 (16-15) 0.15 0.16 2 1 3 4 8 RF 
5 (16-16) 0.16 0.16 3 0.8 3 5 13 RF 
6 (16-17) 0.17 0.16 12 0.6 4 13 30 RD 
7 (16-20) 0.20 0.16 No Liq. 0.2 8 46 202 RD  
8 (20-00) 0.00 0.20 3 3 3 7 18 LQ 
9 (20-05) 0.05 0.20 2 2 3 5 14 LQ 
10 (20-10) 0.10 0.20 0.5 0.2 2 2.5 8 RF 
11 (20-15) 0.15 0.20 0.5 0.2 2 2.5 7.5 RF 
12 (20-20) 0.20 0.20 0.5 0.15 2 3 9 RF 
LQ: cyclic liquefaction failure; RF: rapid flow liquefaction failure; RD: residual deformation failure 
p’0 = initial effective mean principal stress (=100 kPa) 
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Fig. 4.12: Schematic definition of γDA, γSA(at τ=τmax) and γRS(at τ=τstatic):  
(a) reversal tests; (b) non-reversal tests; and (c) reversal tests with static shear  
very small (refer to section 4.5 for the description of the latter figure) 











































































































Fig. 4.13: Liquefaction resistance curves in terms of :  
(a) CSR vs. Number of cycles to achieve full liquefaction (p’=0); and  
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Fig. 4.14: Strain accumulation resistance curves in terms of :  
(a) CSR vs. Number of cycles to cause γRS = 5%; and  
(b) SSR vs. Number of cycles to cause γRS = 5% 
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Fig. 4.15: Strain accumulation resistance curves in terms of:  
(a) CSR vs. Number of cycles to cause γRS = 10 %; and  
(b) SSR vs. Number of cycles to cause γRS = 10 %  
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Fig. 4.16: Strain accumulation resistance curves in terms of:  
(a) CSR vs. Number of cycles to cause γRS = 20 %; and  
(b) SSR vs. Number of cycles to cause γRS = 20 %  
 













































































































Fig. 4.17: Strain accumulation resistance curves in terms of:  
(a) CSR vs. Number of cycles to cause γRS = 50%; and  
(b) SSR vs. Number of cycles to cause γRS = 50%  
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4.5 Development of residual deformation due to cyclic shearing 
 
In the current study, to examine the effects of initial static shear on the deformation 
properties of saturated loose sand in undrained cyclic torsional shear tests, the residual 
deformation (γRS), measured in terms of shear strain at the moment when the stress state 
recovered the initial value of static shear stress during the unloading stage of each cycle 
(i.e., at τ=τstatic, dτ < 0), was employed. The definition of the γRS (at τ=τstatic, dτ < 0) is 
shown in Fig. 4.12 . 
 It should be noted that, in the case in which the employed initial static shear was very 
small (i.e., τstatic≈0), due to not a very precise correction of the membrane force at very 
large strain level, the residual strain γRS (at τ=τstatic) could not be properly defined. Hence, 
in such a case, it was defined by assuming an ideal behavior of specimen with a perfect 
correction for membrane force as show in Fig. 4.12 (c).  
 
Based on the failure behavior of each specimen, three types of mechanisms of residual 
strain development could be identified, as shown in Fig. 4.18. 
Fig 4.18 (a) summarizes the residual deformation behavior of specimens showing 
cyclic liquefaction failure behavior (LQ). In these tests, full liquefaction state (p’=0) was 
achieved after applying several cycles of loading; then, a sudden development of residual 
deformation took place. 
Fig. 4.18 (b) illustrates the behavior of specimens characterized by rapid flow 
liquefaction failure mode (RF). In this case, during the first cycle, full liquefaction and 
deformation of a few percent were achieved. In addition, in most of the tests, deformation 
exceeding 50% was reached in less than 10 cycles. 
Fig. 4.18 (c) shows the case of residual deformation failure (RD). These tests show 
that, extremely large deformation could be reached after applying a large number of 
cycles of loading, even in the case in which liquefaction did not take place. 
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Fig. 4.18: Development of residual deformation during the cyclic loading:  
(a) LQ failure behavior; (b) RF failure behavior; and (c) RD failure behavior. 
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4.6 Specimen deformation and strain localization 
 
In torsional shear tests on hollow cylindrical specimens, a higher strain level can be 
achieved by increasing the amount of torsional displacement that is applied to the 
specimen through rotating the top cap.  
In the computation of average stresses (see section 2.5), it is assumed that the shear 
strain is uniformly distributed throughout the height of the specimen, as shown in Fig. 
4.19(a). 
However, as already explained in section 2.3, the actual deformation behavior of 
hollow cylindrical specimens in torsional shear tests is affected by many factors, such as 
end restraint and bedding errors. Yet, by using appropriate geometric properties, one can 
define an area which is free from the effects of end restraint and bedding errors, as shown 
in Fig. 4.19(b). This can be true with respect to a range of small to moderate strain, at 
which the deformation of specimen can still be considered uniform.  
On the contrary, at a large strain level, specimen deformation behavior is not uniform, 
as shown schematically in Fig. 4.19(c). To this regard, several factors should be 
considered, such as the use of non-rigid boundary (i.e., membranes), large extent of 
torsional deformation, the effects of liquefaction on the deformation response of soil, the 
























Fig. 4.19: Specimen deformation behavior: (a) Uniform deformation; (b) Uniform deformation 
within the area free from the effect of end restraint; and (c) Non-uniform deformation 
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4.6.1 Visual observation of specimen deformation 
 
In the present study, using the torque loading device that was modified for enlarging the 
effective range of torsional displacement, the deformation properties of Toyoura sand 
were studied up to single amplitude shear strain exceeding 50%. Non-uniform 
deformation or strain localization was observed at higher strain levels. 
By visual observation, an attempt was made to evaluate the limiting state of uniform 
deformation of the specimens, and to investigate the effects of initial static shear on it. 
Herein, three types of specimen deformation were analyzed for reversal, intermediate 
and non-reversal loading conditions. 
 
Reversal loading test results 
Fig. 4.20 shows typical deformation at several states of the specimen under reversal 
loading conditions:   
i. At state 1 (γ = 12 %), the deformation was almost uniform except for the regions 
close to the pedestal and the top cap that are affected by the end restraint; the outer 
membrane appeared slightly wrinkled; 
ii. At state 2 (γ = 22 %), the outer membrane was visibly wrinkled; in the region near 
the top cap the deformation of the specimen started to localize due probably to water 
film formation;  
iii. At state 3 (γ = 31 %), the localization of specimen deformation developed clearly in 
the upper part of the specimen. On the other hand, in the bottom part the uniformity 
of the specimen deformation is maintained even though many wrinkle appear; and  
iv. At state 4 (γ = 54 %), the specimen was almost twisted near the top cap. 
 
Intermediate loading test results 
Fig. 4.21 illustrates typical deformation at several states of the specimen under 
intermediate loading conditions: 
i. At state 1 (γ = 11 %), the deformation was almost uniform except for the regions 
close to the pedestal and the top cap that were affected by the end restraint; 
ii. At state 2 (γ = 23 %), the outer membrane was extensively wrinkled. However, it 
should be noted that, the type of wrinkle observed in this tests can have a different 
meaning with respect to the one observed in the reversal tests described above; in 
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fact, in this tests, the specimen deformation pattern before and after each wrinkle is 
shift in correspondence of each wrinkle. This behavior suggest that, the formation 
of many shear bands took place into the specimen, and several parts of the specimen 
moved independently each other with different extent of deformation; 
iii. At state 3 (γ = 39 %), the specimen reduced its diameter at several locations, as 
evidenced by the red arrows, due to probably the formation of shear bands; and  
iv. Finally, at state 4 (γ = 64 %), the specimen was completely twisted. 
 
Non-reversal loading test results 
Fig. 4.22 shows typical deformation at several states of the specimen performed under 
non-reversal loading conditions: 
i. At state 1 (γ = 21 %) the deformation was rather uniform except for the zones near 
the top cap and pedestal due to the effect of end restraint; 
ii. At state 2 (γ = 25 %) the outer membrane was wrinkled at several locations due to 
local drainage;  
iii. At state 3 (γ = 50 %) the membrane was extensively wrinkled from the bottom to 
the top; and 
iv. At state 4 (γ = 0 %, after test), when the zero shear strain state was recovered while 
keeping undrained condition, formation of a spiral shear band could be observed 
(red dotted lines). 
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State 1 (γ = 12 %) 
(c-2)  
State 2 (γ = 22 %) 
(c-3)  
State 3 (γ = 31%) 
(c-4)  
State 4 (γ = 54%) 
    
Fig. 4.20: Typical specimen deformation for reversal loading tests: 
(a) effective stress path; (b) stress-strain relationship; and (c) specimen deformation  
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Effective mean principal stress, p' (kPa)
Test 5 (16-16) Dr=46.5%
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State 1 (γ = 11 %) 
(c-2) 
State 2 (γ = 23 %) 
(c-3) 
State 3 (γ = 39%) 
(c-4) 
 State 4 (γ = 64%) 
    
Fig. 4.21: Typical specimen deformation for intermediate loading tests: 
(a) effective stress path; (b) stress-strain relationship; and (c) specimen deformation 
 



















































































Shear strain, γ (%)
Test 7 (16-20) Non-reversal
 
    
(c-1) 
State 1  
(γ = 21%) 
(c-2) 
State 2  
(γ = 25 %) 
(c-3) 
State 3  
(γ = 50 %) 
(c-4) 
State 4  
(γ = 0 %, after test) 
    
Fig. 4.22: Typical specimen deformation for non-reversal loading tests: 
(a) effective stress path; (b) stress-strain relationship; and (c) specimen deformation 
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4.6.2 Strain localization during cyclic loading 
 
Kiyota et al. (2008) performed undrained cyclic torsional shear tests on saturated Toyoura 
sand, similar to those presented in this study, but without applying any initial static shear. 
In their tests the initiation of strain localization could not be clearly defined on the basis 
of visual observation, therefore, they defined it based on the change in the response of the 
deviator stress q (= σv’- σh’) which was measured during the undrained cyclic torsional 
shear loading while preventing any vertical displacement of the top cap.  
Tatsuoka et al. (1986) performed drained monotonic torsional shear tests on hollow 
cylindrical specimens, while keeping the σv' and σh' constant. They reported that the 
vertical strain was accumulated on the extension side due to the mobilization of positive 
dilatancy, and it was reduced suddenly when the shear band was formed in the specimen.  
The latter behavior that was observed during drained monotonic torsional shear tests 
is consistent with the change in deviator stress observed in undrained torsional shear tests; 
therefore, Kiyota et al. (2008) considered the state at which the amplitude of q decreases 
as the limiting state to initiate formation of shear band and thus strain localization. 
Furthermore, it was accompanied with an increase in the shear increment of single 
amplitude shear strain (∆γSA).  
As a result, these features imply that the stress-strain characteristics of the specimen 
were changed by the formation of shear band and the initiation of strain localization in the 
specimen. 
 
In this study, non-uniform specimen deformations were observed at higher strain levels. 
However, similarly to Kiyota et al. (2008), the initiation of strain localization could not be 
clearly defined on the basis of visual observation. To address this issue and evaluate the 
effects of initial static shear on the specimen deformation behavior, the attempt made by 
Kiyota et al. (2008) was employed. Therefore, from the analysis of deviator stress 
responses and stress-strain relationships, as typically shown in Fig. 4.23 through Fig. 4.26, 
the following two states were defined:  
i) State A: the state at which q suddenly decreases; and  
ii) State B: the state at which a change in the strain accumulation properties was observed.  
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The evaluated values of shear strain at state A and state B, respectively, are shown in Fig. 
4.27 and Fig. 4.28. They were measured in terms of half of the double amplitude shear 
strain (γDA/2), as employed by Kiyota et al. (2008), and residual shear strain (γRS) which in 
this study was used to describe the effects of static shear on the deformation behavior (see 
Fig. 4.12 for the definition of γDA and γ RS). 
 
In Fig. 4.27 and Fig. 4.28, it can be seen that the greater the static shear stress (τstatic) the 
lower the γDA/2; in addition, a sudden drop in the value of γDA/2 is observed in case of the 
intermediate and non-reversal loading tests. On the other hand, γRS is rather constant 
whilst increasing the static shear stress level; however, in the case of intermediate and 
non-reversal tests, a sudden increase in γRS value can be observed. 
 
In view of the above considerations, in this study, the shear strain required to cause the 
specimen strain localization was defined in terms of residual shear strain γRS. Therefore, 
based on the response of the specimens subjected to reversal loading conditions, it was 
defined: 
(i) γ ΑRS,avg ≅ 23 %, which represents the state at which q suddenly decreases (state A);  
(ii) γ ΒRS,avg ≅ 28 %, which corresponds to the state at which a change in strain 
accumulation takes place (state B). 
 
As mentioned above, the drop in q implies that the stress-strain characteristics of the 
specimen were changed by the formation of shear band and the initiation of strain 
localization in the specimen. In this study, in several cases, state A was not easy to define 
(e.g., when the change in the deviator stress amplitude was not unique as evidenced in Fig. 
4.23 by the two red arrows) and thus different evaluations may be given among different 
researchers. 
On the contrary, the change in stress accumulation at state B is a result of the 
specimen strain localization (i.e., formation of shear band). However, in this study, it 
could be unequivocally evaluated in all the tests. 
 
The above observation suggests that, even if slightly over-estimated, the limiting state to 
initiate the strain localization in the specimen can be defined in terms of γ ΒRS  which is a 
clear evidence of formation of shear band and can be clearly determined. 
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In addition, by analyzing the deviator stress responses, in this study, it was noted that 
after achieving state B the deviator stress becomes negative (q < 0) in the case of reversal 
tests, as shown in Fig. 4.23 (a) and Fig. 4.24 (a). This peculiar behavior would be 
associated with the full development of the shear band in the specimen; this aspect will be 
investigated later in section 4.7. 
The latter behavior was not observed in case of intermediate and non-reversal tests as 
typically shown in Fig. 4.25 and 4.26.  
In Fig. 4.26 a sudden drop of q can be observed; it may be the evidence of the 
formation of a shear band into the specimen. However, from the pictures took before and 
after this change in q response, as illustrated in Fig. 4.22 (c-1) and Fig. 4.22 (c-2), 
respectively, it cannot be seen any shear band. 
 
Finally, as shown in Fig. 4.29, to have a comprehensive understanding, the value of 
γ ΑRS,avg and γ 
Β
RS,avg are shown in the plot of the residual deformation γRS vs. number of 
cycles with respect to reversal loading tests.  
In Fig. 4.29, it is clear that the increment of single amplitude shear strain during each 
cycle decreases before reaching γ ΒRS,avg and then increases with the number of cycles. 















































































































Fig. 4.23:  Reversal loading Test 8 (20-00): (a) Time history of deviator stress; 
and (b) Change in shear strain accumulation during cyclic loading 
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Fig. 4.24:  Reversal loading Test 3 (16-10): (a) Time history of deviator stress; 
and (b) Change in shear strain accumulation during cyclic loading 
(refer to Fig. 4.20 for specimen deformation at states 1 through 4) 
 

























































Fig. 4.25: Time history of deviator stress for intermediate loading Test 5 (16-16). 
(refer to Fig. 4.21 for specimen deformation at states 1 through 4) 
 
 






















































Fig. 4.26: Time history of deviator stress for non-reversal loading Test 7 (16-20). 
 (refer to Fig. 4.22 for specimen deformation at states 1 through 3) 
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Fig. 4.27:  Change in deviator stress response (state A) evaluated in terms of:  
(a) Half of double amplitude shear strain; and (b) Residual shear strain 
 























































Change in shear strain behavior (State B)
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Fig. 4.28:  Change in shear strain behavior evaluated in terms of:  
(a) Half of double amplitude shear strain; and (b) Residual shear strain 
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Fig. 4.29:  Limiting shear strain to initiate the strain localization  
with respect to reversal loading tests 
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4.7 Strain softening at large strain levels 
 
In this study, the limiting value of residual strain to initiate the strain localization of the 
specimen (i.e., formation of shear band) was defined as the one which induced a change 
in the behavior of strain accumulation. In addition, it was observed that the strain 
softening would be accompanied by negative values of deviator stress. 
In order to confirm the validity of the method employed in this study to define the 
limiting value of residual strain to initiate the strain localization of the specimen, and to 
better understand the influence of static shear stress on such strain softening behavior of 
sand at large strain levels, the relationship between the modified shear stress and the 
modified current effective mean principal stress (τ-∆τ)/(p'+∆p') introduced by Koseki et 
al. (2005) was employed.  
 
4.7.1 Strain softening by employing the modified stress-strain relationship 
 
Koseki et al. (2005) carried out a series of undrained torsional shear tests in order to 
investigate the liquefaction properties of Toyoura sand under low confining stress. The 
test results revealed that the effective stress path did not pass through the origin (τ = p’= 
0). They reported that this behavior is possibly affected by the following factors: (i) the 
effect of interlocking among sand particles that could be mobilized even under zero 
effective stress states; (ii) errors in the measured deviator stress q which could cause 
apparently non-zero values of p’; and (iii) the viscous interaction between pore water and 
the surface of sand grains, as pointed out by Towhata and Gallage (2003) among others. 
Therefore, in the attempts made by Koseki et al. (2005), an apparent increase in effective 
stress state (∆p') and the shift in shear stress (∆τ ) were introduced to correct for the 
effects of mobilization of shear resistance under extremely low effective stress states. 
 
Fig. 4.30 (a) shows a typical close-up around the origin of the effective stress path and the 
evaluation of ∆τ and ∆p' as obtained in this study for the tests in which no initial static 
shear was employed (e.g., Test 8).  
On the other hand, Fig. 4.30 (b) and Fig. 4.31 (a) show the relationships between the 
current shear stress ratio with/without correction for the above ∆τ and ∆p', and the plastic 
shear strain γ p in Tests 8, respectively. The plastic shear component was evaluated by 
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subtracting from the total strain component the elastic one evaluated by employing the 
quasi-elastic model developed at IIS, University of Tokyo (Hong Nam, 2004), as 
explained later in detail in chapter 5. 
In the case without correction of ∆τ  and ∆p' (i.e., ∆τ =0, ∆p'=0) as shown in Fig. 
4.30 (b), the stress ratio totally fluctuated and occasionally became extremely large due to 
division by zero (i.e., p’=0 at full liquefaction state).  
On the contrary, in the case with correction of ∆τ  and ∆p', as shown in Fig. 4.31 (a), 
such unstable behavior disappeared and the peak stress states that were followed by strain 
softening were observed at shear strain level (γ peak) of about ±19 %.  
A parametric study on the sensitivity of the correction factor ∆τ and ∆p’ is presented 
in appendix A. 
 
In Fig. 4.31 (a), the shear strain necessary to induce a change in strain accumulation 
(γ BRS), as defined in section 4.6, is also shown for comparison. Therefore, γ 
peak
 can be 
considered as the state at which strain localization in the specimen begins. 
Fig. 4.31 (b) represents a close-up of the modified stress-strain relationship in Fig. 
4.31(a). The peak stress state was followed by strain softening until it enters into the 
residual stress state. It can be seen that γ BRS corresponds well with the end of strain 
softening and the beginning of residual stress state (intersection point of the two broken 
lines).  
 
In section 4.6, the limiting value of residual strain to initiate the strain localization of the 
specimen (i.e., formation of shear band) was defined as the one which induced a change 
in the behavior of strain accumulation, and it was accompanied by negative values of 
deviator stress. In addition, as mentioned above, it was observed that γ BRS corresponds 
well to the state at which strain softening ends and the residual stress state begins. These 
features imply that γ BRS is the state at which the shear band is fully developed in the 
specimen. 
 
Therefore, the limiting value of shear strain to initiate the strain localization might be 
evaluated in terms of strain softening behavior by defining the γ BRS or employing the 
relationship between the modified stress ratio and the plastic shear strain. 
 


































































































































Fig. 4.30: Typical result of reversal loading test without initial static shear (Test 8): 
(a) Close-up around the origin of the effective stress path and the evaluation of ∆τ and ∆p';  
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Fig. 4.31: Typical result of fully reversal loading test (τstatic = 0): (a) Modified  
stress-strain relationship (i.e., after correcting for ∆τ and ∆p');  
and (b) Close-up of modified stress-strain relationship 
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4.7.2 Effect of static shear on the strain softening properties 
 
The influence of static shear stress on such strain softening behavior of sand undergoing 
large strain levels is examined in terms of the relationship between the modified shear 
stress (τ-∆τ)/(p'+∆p') and the plastic shear strain with respect to residual, intermediate 
and non-reversal loading conditions. 
 
Fig. 4.32 shows the typical relationship between the modified stress ratio and the plastic 
shear strain in case of reversal loading test in which initial static shear was applied before 
the undrained cyclic shearing (e.g., Test 3). Similarly to Test 8 (see Fig. 4.31) in which no 
initial static shear was employed, in Tests 3 the peak stress state was followed by strain 
softening until it enters into the residual stress state.  
 
Fig. 4.33 represents the close-up around the origin of the effective stress path and the 
evaluation of ∆τ and ∆p' in the case of intermediate loading test 5. In this case the 
correction of ∆τ was set equal to zero (∆τ = 0 ) due to the non-reversal loading 
conditions. 
Fig. 4.34 shows the typical stress-strain relationship with/without the correction of 
∆τ  and ∆p' in case of intermediate loading test (e.g., Test5). As shown in Fig. 4.34(b) the 
peak state cannot be clearly defined as in the case of reversal loading tests. In fact, the 
peak stress states moves progressively with the number of cycles. However, a strain 
softening can be observed after each peak stress state. 
 
Fig. 4.35 shows the typical modified stress-strain relationship in case of non-reversal test 
(e.g., Test 7). In this test liquefaction was not achieved therefore the correction of ∆τ  and 
∆p' was set to be equal to zero (i.e., ∆τ =0, ∆p'=0). The close-up of the modified 
stress-strain relationship in Fig. 4.35(b) shows that similarly to the intermediate loading 
test results in Fig. 4.34(b) the stress peak state moves progressively with the number of 
cycles. 
In addition, it should be noted that, progressively the amplitude of the stress-strain 
relationship increases with the number of cycles due to a decrease of the effective mean 
principal stress (p’) with the number of cycles (see Fig. 4.4(a) for the effective stress 
path). 
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Fig. 4.32: Typical modified stress-strain relationship in  
reversal loading test with initial static shear (Test 3)  
 
 













































Fig. 4.33: Close-up around the origin of effective stress path and the  





























































































































































































Fig. 4.34: Typical modified stress-strain relationship in intermediate loading test (Test 5): 
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Fig. 4.35: Typical result of non-reversal loading test (Test 7): (a) Modified stress-strain relationship; 
and (b) Close-up of modified stress-strain relationship. In this test liquefaction was not achieved 
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4.8 Correction for membrane force 
 
As Koseki et al. (2007) among others pointed out, in torsional shear tests on hollow 
cylindrical specimen, due to the presence of inner and outer membranes, the effect of 
membrane force cannot be neglected. 
Furthermore, it becomes significantly important when shear strain reaches extremely 
high level as Kiyota et al. (2008) indicated. 
 
Usually, the membrane force has been corrected based on the linear elasticity theory, 
which uses the Young’s modulus of the membrane. The theoretical apparent shear stress 














τ  (4.4) 
 
where 
ro = outer radius of the specimen; 
ri = inner radius of the specimen; 
tm = thickness of membrane; 
Em = Young’s modulus of membrane; 
H = height of specimen; 
θ = rotation angle detected by potentiometer. 
     
In this study, in order to confirm the validity of Eq. (4.4) in correcting the effect of 
membrane force, a special test was performed by filling with water the area between the 
inner and outer membranes (Fig. 4.36) and shearing it cyclically under undrained 
condition up to double amplitude shear strain (γDA) of 100% (Fig. 4.40).  
 
Preparation of the water specimen did not require a special technique; however, it was 
carried out with precaution in order to avoid any curvature of the specimen wall.  
First the membranes were placed and the top cap attached to the load cell shaft. Then, 
water was allowed to flow within the empty space between the membranes in a similar 
manner to the saturation process in case of the soil specimens. At the same time the cell 
chamber was filled with water while maintaining throughout the same level of the water 
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within the membranes. Consequently, due to the self-balanced water pressure acting on 
both faces of each membrane the verticality of the membranes was guaranteed.  
After, the obtained hollow cylindrical water specimen (Fig. 4.36) was sheared under 
undrained conditions whilst preventing any vertical displacement of the top cap. The 
shear loading was reversed when the single amplitude shear strain reached a target value 
of 2%, 5%, 10%, 20%, 30%, 40% and 50%.  
 
Fig. 4.32 through Fig. 4.35 show the specimen deformation at several states as numbered 
1 through 4. In the same figures, both the experimental and the theoretical relationships 
between shear strain (γ ) and apparent shear stress (τm) that is induced by the membranes 
due to torsional deformation are depicted.  
As shown in Fig. 4.37, at state 1 ( γ = 5%) the water specimen deformation was nearly 
uniform, and the measured stress-strain relationship could be described by that which is 
assumed in the theory.  
On the other hand, at state 2 (γ = 20%) and at state 3 (γ = 40%) in Fig. 4.38 and Fig. 
4.39 respectively, the outer membrane appeared extensively wrinkled. In both cases, the 
measured stress-strain relationships were almost linear, but they clearly differed from the 
theoretical one.  
At extremely large strains level (state 4, γ = 50%), the water specimen was almost 
twisted near the top cap; the experimental stress-strain relationship became non-linear 
(Fig. 4.40). 
Therefore, from this tests, it is clear that the deviation of the actual membrane 
deformation from the uniform one that is assumed in the theory became larger with an 
increase in the strain levels; for this reason, in this study, the shear stress was corrected 
for the effect of membrane force by employing the polynomial approximation of the 
measured relationship between shear strain (γ ) and the apparent shear stress (τm) as 
shown in Fig. 4.40.  
 
Since the water specimen was sheared while preventing any vertical displacement of the 
top cap, apparent deviator stresses (qm) induced by the extension of the membranes was 
observed. In Fig. 4.41, the measured relationship between the apparent deviator stress and 
the shear strain for the cycles of loading with γDA=10% and the one with γDA=100% are 
compared. 
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In Fig. 4.42, in order to confirm the validity of the membrane force obtained 
experimentally, the torsional deformation of the water specimen was compared with the 
deformation of sandy specimens subjected to reversal, intermediate and non-reversal 
loading whilst achieving levels of shear strain of about 20%, 30%, 40% and 50%.  
The torsional deformation of the water specimen appeared to be suitable with the one 
observed for the sandy specimens up to a strain of about 30%; in fact, by exceeding this 
level of strain either the water or sand specimens exhibit non-uniform deformation which 
is extremely different from each other hence it becomes not so easy to make a 
comparison. 
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Fig. 4.37: (a) Relationships between γ - τm on the range of γDA= 10%; and  





Fig. 4.36: Water specimen before undrained shearing (γ =0%)  


































































Fig. 4.38: (a) Relationships between γ - τm on the range of γDA= 40%; and  
(b) Specimen deformation at state 2 (γ = 20%) 
 
 































































Fig. 4.39: (a) Relationships between γ - τm on the range of γDA= 80%; and  
(b) Specimen deformation at state 3 (γ = 40%) 
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Fig. 4.40: (a) Relationships between γ - τm on the range of γDA= 100%; and  
(b) Specimen deformation at state 4 (γ = 50%) 
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Fig. 4.41: Apparent deviator stress during undrained cyclic  
torsional shear loading on water specimen 
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Test 5 (16-16) 
    
 (c-1) γ = 23% (c-2) γ = 32% (c-3) γ = 39% (c-4) γ = 55% 






Test 7 (16-20) 
    
 (d-1) γ = 20% (d-2) γ = 30% (d-3) γ = 40% (d-4) γ = 50% 
Fig. 4.42: Comparison of the obtained torsional deformation of water and soil specimens 
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4.9 Summary 
 
In order to investigate the effects of initial shear stress on the large deformation properties 
of loose sand, a series of undrained cyclic torsional shear tests were performed on 
saturated Toyoura sand specimens up to single amplitude of shear strain of about 50 % 
under various combinations of static and subsequent cyclic shear stresses. The following 
conclusion can be drawn from the above study: 
 
(i)  Depending on the relative magnitude of initial static shear and the cyclic shear 
stresses, the cyclic loading paths could be classified into three groups: stress reversal, 
intermediate and non-reversal. To better define the degree of reversal (R*) a new 
formulation was also proposed. 
 
(ii)  From the study of failure mechanisms, based on the difference in the effective stress 
path and the modes of development of shear strain during both monotonic and cyclic 
undrained torsional shear loading, the observed types of failure could be distinguished 
into three types: cyclic liquefaction (LQ), rapid flow liquefaction (RF) and residual 
deformation (RD) failures. 
In case of stress reversal and intermediate loadings, failure was associated with full 
liquefaction, followed by extremely large deformation in the post-liquefaction process. 
On the other hand, in the case of non-reversal loading, it was found that residual 
deformation brought the specimen to failure (i.e., formation of spiral shear band) although 
liquefaction did not occur.  
  
(iii)  The test results show that the presence of initial static shear does not always lead to 
an increase in the resistance to liquefaction and strain accumulation; in fact, both can 
either increase or decrease by increasing the static shear depending on the magnitude of 
the combined shear stress, the type of loading and the failure behavior. 
 It should be noted that, by the current study, for the fist time the effects of initial 
static shear on the resistance of sand against cyclic shear accumulation of 50% could be 
investigated and described. 
 
(iv)  The mechanisms of residual strain development clearly depend on the failure 
CHAPTER 4 – Effects of initial static shear on the undrained cyclic behavior of saturated loose Toyoura sand 
 
 4-63 
behavior of sands.  
 In the case of LQ failure, full liquefaction state (p’=0) was achieved after applying 
several cycles of loading followed by a sudden development of residual deformation.  
 In this case of RF failure, during the first cycle, full liquefaction and deformation of a 
few percent was achieved; in addition, in most of the tests, deformation exceeding 50% 
was reached in less than 10 cycles.  
 In the case of RD failure, extremely large deformation could be reached after 
applying a large number of cycles of loading, even in the case in which liquefaction did 
not take place. 
 
(v)  In this study, the deformation properties of Toyoura sands were investigated up to 
single amplitude shear strain exceeding 50 %. Non-uniform specimen deformations were 
observed at higher strain levels.  
Even though three types of specimen deformation could be observed for reversal, 
intermediate and non-reversal loading conditions, the initiation of strain localization 
could not be clearly defined on the basis of visual observation. 
   To address this issue and evaluate the effects of initial static shear on the specimen 
deformation behavior, the deviator stress response and the change in stress-strain 
relationship during cyclic loading were investigated. It was confirmed that a drop in 
deviator stress implies that the stress-strain characteristics of the specimen were changed 
by the formation of shear band and the initiation of strain localization in the specimen. 
However, in several cases, the change in the deviator stress amplitude could not be easily 
determined. Therefore, even if slightly over-estimated, the limiting value of residual 
strain to initiate the strain localization of the specimen (i.e., formation of shear band) was 
defined as the one which induced a change in strain accumulation γ BRS. 
  
(vi)  The limiting value of strain to initiate the strain localization of the specimen was 
measured in terms of half of the double amplitude (γDA/2), as used in previous studies, and 
residual shear strain (γ RS) which in this study was used to describe the effects of initial 
static shear on the deformation behavior. On the basis of reversal loading tests results it 
was found that the greater is the initial static shear the lower γDA/2; on the other hand, γRS 
was rather constant whilst increasing the static shear stress level. These features 
suggested that to define the limiting value of strain to initiate the strain localization of the 
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specimen, γRS was much more appropriate than γDA/2. 
  
(vii)  By employing the relationship between the modified stress ratio (τ-∆τ)/(p'+∆p') 
and the plastic shear strain γ p, the peak stress states that were followed by strain softening 
were clearly observed in the case of reversal loading tests. The correspondent strain at 
peak stress state (γ peak) can be considered as the state at which strain localization in the 
specimen (i.e., formation of shear band) begins. 
In additions, it was observed that γ BL(RS) corresponds well to the state at which strain 
softening ends and the residual stress state begins. These features imply that γ BL(RS) is the 
state at which the shear band is fully developed in the specimen. 
 
(viii)  In torsional shear tests on hollow cylindrical specimens, due to the presence of 
inner and outer membranes, the effect of membrane force cannot be neglected. 
Furthermore, it becomes significantly important when shear strain reaches extremely high 
level.  
In this study, by performing a special test on a water specimen which was cyclically 
sheared under undrained condition up to double amplitude shear strain (γDA) of 100%, it 
was observed that the deviation of the actual membrane deformation from the uniform 
one that is assumed in the theory became larger with an increase in the strain levels; for 
this reason, the measured shear stress was corrected for the effect of membrane force by 
employing a polynomial approximation of the measured relationship between shear strain 
(γ ) and the apparent shear stress (τm).  
In order to confirm the validity of the membrane force obtained experimentally, the 
torsional deformation of the water specimen was compared with the deformation of sandy 
specimens subjected to reversal, intermediate and non-reversal loading. The torsional 
deformation of the water specimen appeared to be suitable with the one observed for the 
sandy specimens up to a strain of about 30%. 
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5.1    Introduction 
 
To simulate the behavior of saturated sand under undrained cyclic loading which leads to 
liquefaction and large cyclic shear strain development, an elasto-plastic constitutive 
model which can describe both monotonic and cyclic torsional shear behaviors of 
saturated sand under drained or undrained condition was developed at IIS (Institute of 
Industrial Science), University of Tokyo. 
 
It is noteworthy that the motivation of the current study comes from the successful 
attempts as above described in simulating the liquefaction behavior of sand as well the 
cyclic large deformation behavior. However, no attempt has been made so far to model 
the undrained behavior of sand by considering the effect of static shear. Therefore, the 
objectives of the present study were set by aiming at modeling the cyclic undrained 
torsional shear behavior of saturated sand with initial static shear ultimately. 
 
This chapter entails the attempt to modify the above mentioned model in order to simulate 
the undrained cyclic behavior of loose Toyoura sand with initial static shear subjected to 
undrained cyclic torsional shear loading. 
Therefore, the original elasto-plastic model developed at IIS and the modifications 
made in the current study to take the effects of initial static shear into account are 
presented. 
The satisfactory simulation results, in terms of effective stress path and stress-strain 
relationship, are presented in this chapter and compared with the experimental 
observations. Resistance against liquefaction and shear strain accumulation, failure 
behaviors and the mode of development of residual shear strain during cyclic loading 
obtained by simulation are also shown. 
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5.2    Modeling of quasi-elastic deformation properties using IIS Model (Hong Nam, 2004) 
 
Modeling of irreversible stress-strain relationships and stress-dilatancy properties of soils 
demands accurate modeling of elastic strain components as well. In fact, irreversible 
strain components can be evaluated by subtracting the elastic strain components from the 
total one. 
Recently, Hong Nam (2004) proposed a new hypo-elastic model called “IIS model” to 
simulate the inherent and stress induced anisotropies of sand with rotation of the principal 
stress directions. On the basis of empirical rules on quasi-elastic deformation properties 
and coordinate transformation, this model is capable of taking into account the damage to 
quasi-elastic deformation properties at higher stress ratios as well. The elements of the 
compliance matrix were experimentally evaluated by employing local deformation 
measurements in hollow cylindrical Toyoura sand specimens and compared with the 
model predictions. 
 
5.2.1 Basic formulation 
 
The elastic response of soil is stress-path dependent (i.e., hypo-elastic behavior), therefore 
it can be modeled by applying Hooke’s law of elasticity.  
When working with a three-dimensional stress state, a 4th order tensor Mijkl 
containing 81 elastic coefficients must be defined to link the stress increment tensor dσ’kl 
with the engineering strain increment tensor dεeij as expressed in Eq. (5.1):  
 klijkl
e
ij dMd 'σε =  (5.1) 
Both stress and strain increment tensors can be represented by a second order (3×3) 
matrix as shown below. i and j stand for axial, radial and circumferential axes (z, r and θ, 
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ε  (5.3) 
Stress symmetry (Mijkl = Mjikl) and strain symmetry (Mijkl = Mijlk) reduce the number of 
elastic coefficients to 36, which can be represented by a (6×6) matrix. In addition, it 
reduces the number of stress and strain parameters to 6 each, which can be represented by 





























































































































In short, Eq. (5.4) can be written as 
 { } [ ] { }'σε dMd e =  (5.5) 
Before the material is subjected to rotation of the principal stress directions (i.e., isotropic 
stress state), material axes (z, r, θ) coincides with the principal stress axes (ξ, ρ, η). After 
the rotation of the principal stress directions took place (refer to Fig. 5.1), Hooke’s law 
can be applied to the stress-strain relationship in principal stress axes as follows: 























Principal stress axes (ξ, ρ, η)
 
Fig. 5.1:  Coordinate systems in IIS model (HongNam, 2004) 
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Transformations of effective stress and elastic strain increment tensors can be written in 
the matrix form as follows: 
 { } { }'][' σσ σ dTd =  (5.7) 
 { } { }ee dTd εε σ ][=  (5.8) 













































T  (5.9) 
in which the rotation angle of principal stress axis δ  can be evaluated as 
 )]''/(2arctan[)2/1( θθ σστδ −= zz  (5.10) 
It is assumed that the transformation matrices for stress and strain increments are the 
same. In addition, it should be noted that, the transformation matrix has the following 
property: TTT ][][ 1 σσ =
− .  
 
By substituting Eq. (5.5) and Eq. (5.6) into Eq. (5.8), the following expression is obtained 
 [ ]{ } [ ]{ }'][' σσ σ dMTdM =  (5.11) 
Then, replacing Eq. (5.7) into Eq. (5.11) yields 
 [ ] { } [ ]{ }']['][ σσ σσ dMTdTM =  (5.12) 
Finally, canceling out { }'σd in Eq. (5.12) the following equation is obtained 
 [ ] [ ] ][][ σσ TMTM T=  (5.13) 
][M is the compliance matrix of the principal stress axes, which can be obtained using the 
cross anisotropic hypo-elastic model proposed by Tatsuoka et al., (1999): 


































































































Young’s modulus Ei, shear modulus Gij and Poisson’s ratio νij can be evaluated by 






























 ( )kjiijoij '/' σσνν =  (5.17) 
where  
- e = current void ratio;  
- f(e)= (2.17 - e)2/(1+ e), void ratio function (Hardin and Richart, 1963); 
- m, n, k = material parameters to model stress induced anisotropy; 
- σ’i = effective principal stresses in ξ, ρ, η directions; 
- σ’o = reference effective stress. 
- Effect of damage on the soil structure during the shearing is taken into account by 
using the factor kn, and the two correction factors CE and CG for the degradation of 
Young’s and shear moduli, respectively. CE and CG are determined by fitting the 
Eq. (5.15) and Eq. (5.16) to experimental data for Young’s and shear moduli, 
respectively; 
- kn=(σ’1 /σ’3 -1)/[(σ’1 /σ’3 )max -1], as proposed by Yu and Richart (1984);  
- (σ’1 /σ’3 )max = principal stress ratio at failure (i.e., peak principal stress ratio). 
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In Eq. (5.14), α1o, α2o and α3o denote the three coupling coefficients for the effect of 
loading. Eio, Gijo,νijo and these three coupling coefficients can be formulated by applying 
Eq. (5.13) at the initial isotropic stress state as described below. 
 
At the isotropic stress state, the material is assumed to be cross-anisotropic in the material 
axes (z, r, θ) where z being the symmetrical axis and (r, θ) being the plane of isotropy. 
Stress-strain incremental relationship in these axes can be expressed by the following 








































































































 oro ννθ =  
 oozo aEaEE == θ  
(5.20) 
In Eq. (5.20), the parameter ‘a’ represents the inherent anisotropy of the material. 
 
Stress-strain incremental relationship written in the principal stress axes (ξ ,ρ,η; ρ ≡ r and 














o ddddddMdddddd ]'''][[][ ηξρηξρηρξηξρηξρηρξ τττσσσγγγεεε =  (5.21)
where 


















































































































Coefficients of ][ oM can be evaluated by transforming stress and strain incremental 
tensors using Eq. (5.13) as shown below 
 1][][][][ −−= σσ TMTM o
T
o  (5.23) 
In order to evaluate all the coefficients of ][ oM , it is necessary to experimentally 
determine all the elements in ][ oM . However, due to technical difficulties in accurately 
measuring Eθo and νθro in the hollow cylindrical specimen, two assumptions proposed by 
Tatsuoka et al. (1999) were used as depicted below: 
  ooz a νν θ =  
 o
o
o at νδνξη == )45(  
(5.24) 














=  (5.25) 
As a result, five independent parameters Ezo, νzθo, Gzθo, Eθo and νθro in ][ oM  can be 
reduced to three independent parameters, namely a, Eo and vo, which can be determined 
from the measured values of Ezo, νzθo and Gzθ, at isotropic stress state by using Eq. (5.25), 
Eq. (5.20) and Eq. (5.24), respectively. In short, IIS model includes nine material 
parameters, namely, Eo, vo, a, m, n, k, CE, CG and (σ’1/σ’3)max.   
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Flow chart of calculation in IIS model 
1. Determine Ezo, νzθo, Gzθo, m, n, k, CE, CG and (σ’1/σ’3)max experimentally and 
calculate a, Eo and vo using Eq. (5.25), (5.20) and (5.24), respectively; 
2. Evaluate the coefficients of ][ oM  and calculate the elements of ][ oM  using Eq. 
(5.23); 
3. Determine the elements in ][M  using the Eq. (5.15), Eq. (5.16) and Eq. (5.17); 
4. Finally, determine the elements in [M] using Eq. (5.13), which are hypo-elastic 
deformation properties of the geomaterial in the material axes (ｚ,ｒ, θ) (e.g., 11M = 
1/Ez, 66M = 1/Gzθ, ν zθ= 31M / 11M , νzr = 21M / 11M ).  
 
5.2.2 Evaluation of elastic strain components using IIS model 
 
After the compliance matrix in the material axes [M] is fully determined, elastic strain 
increment components ( , , ,e e e ez r zd d d dθ θε ε ε γ ) can be evaluated by using Eq. (5.4) as 
follows: 
 ' ' '11 12 13 14 15 16
e
z z r zr r zd M d M d M d M d M d M dθ θ θε σ σ σ τ τ τ= + + + + +  (5.26) 
 ' ' '21 22 23 24 25 26
e
r z r zr r zd M d M d M d M d M d M dθ θ θε σ σ σ τ τ τ= + + + + +  (5.27) 
 ' ' '31 32 33 34 35 36
e
z r zr r zd M d M d M d M d M d M dθ θ θ θε σ σ σ τ τ τ= + + + + +  (5.28) 
 ' ' '61 62 63 64 65 66
e
z z r zr r zd M d M d M d M d M d M dθ θ θ θγ σ σ σ τ τ τ= + + + + +  (5.29) 
 
If axial, radial and circumferential stresses (σ’z, σ’r, σ’θ,) are kept constant during 
torsional shear loading (i.e., isotropic torsional shear, ITS), only τzθ is varying. Therefore, 









z zd M d θε τ=  (5.30) 
 26
e
r zd M d θε τ=  (5.31) 
 36
e
zd M dθ θε τ=  (5.32) 
 66
e
z zd M dθ θγ τ=  (5.33) 
 
Consequently, total elastic strain components can be evaluated by numerically integrating 
the above equations. Then, the total elastic volumetric strain can be obtained as follows: 
 e e e evol z r θε ε ε ε= + +  (5.34) 
 
Finally, the irreversible strain components are evaluated by subtracting the elastic strain 
components from total strains. Note that, the time effects are not considered in the current 
study. Therefore, plastic strain components are taken as equal to the irreversible strain 
components. 
 
5.2.3 Selection of quasi-elastic parameters for IIS model 
 
For both drained and undrained loading conditions, the IIS model parameters for 
evaluating γe were selected as shown below: 
 
Ezo = 174 MPa at σ’o = 100 kPa for Toyoura sand specimen with Dr = 50.4%, νzθο = 0.18, 
a = 0.7, m = 0.520, n = 0.508, k = 0.3, CE = CG = 0 (assuming no damage to elastic 
properties). It should be noted that, Ezo for sand specimens with different densities can be 
evaluated by assuming that the value of Ezo/f(e) at the same stress level is similar among 
different densities. 
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5.3 Modeling the stress-strain relationship of sand under cyclic torsional shear 
 
Soils are frequently subjected to large cyclic loadings due to traffic loads, sea waves, 
earthquakes, excavations and fillings, and subsequent construction of civil engineering 
structures. Therefore, in order to design economical structures with adequate safety and to 
analyze the performance of the existing structures that might be subjected to the loading 
conditions as described above, it is necessary to reasonably predict the behavior of soils 
under the cyclic loading conditions. 
 
5.3.1 Modeling of skeleton curve 
 
It is well known that the stress-strain relationship of soil subjected to drained or undrained 
loading conditions is highly nonlinear; yet, it can be represented by a form of a hyperbola 











where, Y and X are normalized stress and strain parameters, respectively:  
 Y = Stress parameter/Maximum value of stress parameter  
 X = Strain parameter/Reference strain  
and 
 Reference strain = Maximum value of stress parameter/Initial elastic stiffness 
The stress and strain parameters are selected depending on the type of loading such as 
plane strain, triaxial or torsional shear.  
 
C1 and C2 are coefficients of correlation. C1 is the value of Y at X = 0, and C2 is the value 
of Y at X = ∞. They have the following physical meaning:    
 C1 = Initial stiffness/Initial elastic stiffness  
 C2 = Normalized peak strength (= 1.0)        
 
In order to obtain a better degree of fitting with the experimental data under the 
framework of the hyperbolic equation as shown in Eq. (5.35), various models are made 
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available by assuming different values for C1 and C2 to model the stress-strain 
relationships for wide range of strain as briefed below.  
 
Original hyperbolic equation (C1 and C2 are constants) 
The original hyperbolic equation assumes both C1 and C2 in Eq. (5.35) are constants 
throughout the loading and equal to 1.0. Therefore, only two parameters with clear 
physical meanings, namely initial stiffness and peak strength, which can be determined in 
a straight forward manner in the laboratory, are required for the modeling. Hyperbolic 
equations with constant values for C1 and C2 (not necessarily equal to 1.0) were employed 
by some researchers to model the stress-strain relationship of soil. 
Kondner (1963) is widely regarded as the premier in using the hyperbolic equation to 
model the stress-strain relationship of soil, in which the behavior of clay under drained 
triaxial loadings were modeled by using a hyperbolic equation with constant values for C1 
and C2. However, it was later found that the simulation using the original hyperbolic 
equation as proposed by Kondner is not in total agreement with the actual test data 
particularly at small strains. 
Therefore, in order to obtain a better degree of fitting with the experimental data, 
models have been proposed with coefficients of correlation that are functions of the 
strain.  
 
Generalized hyperbolic equation (GHE) (C1 and C2 are functions of strain) 
Tatsuoka and Shibuya (1991) proposed a hyperbolic equation that has coefficients of 
correlation C1 and C2, which are functions of strain to simulate the stress-strain relations 
















































π  (5.37) 
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π  (5.38) 
where, C1(0), C1(∞), C2(0), C2(∞), α’ and β’, mt and nt are parameters to be determined 
from a monotonic loading curve, which will be explained in section 5.3.2.  
This equation is known as the Generalized Hyperbolic Equation (GHE). It has been 
verified that GHE can efefctively simulate the full stress-strain relationships of a wide 
range of geomaterials under different types of loadings. 
 
5.3.1.1 Selection of GHE parameters 
 
In the current study, normalized stress and strain parameters for modeling the stress-strain 
relationship of sand subjected to torsional shear loading are selected by following the 
procedure proposed by Hong Nam (2004): 
 

















γ =  (5.41) 
in which  
- γ e=γ -γ p, where γ e and γ p symbolizes the elastic and plastic strains, respectively. 
γe is evaluated by employing the IIS model (Hong Nam, 2004) as described in 
section 5.2. Note that the viscous effects such as creep and ageing are neglected in 
the current study; 
- γref = reference shear strain; 
- τmax and Gmax = peak shear stress and initial shear modulus, respectively. 
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Gmax value for loose specimen was set as 80 MPa while referring to the experimental 
results of De Silva (2008). 
In the current study, specimens with relative densities of Dr = 50.6 % was subjected 
to monotonic drained torsional shear loading while preventing any vertical displacement 
of the top cap, in order to investigate the effects of initial static shear on the stress-strain 
relationship and compare it with the undrained stress-strain relationship.  
The typical test results are presented in Fig. 5.2 and Fig. 5.3. A clear peak stress (τmax 
= 77.5 kPa) can be observed in the stress-strain relationship shown in Fig. 5.2(a). It 
should be noted that, the change in effective mean principal stress (p’) during the drained 
sharing, as shown in Fig. 5.2(b), can be associated with a change in vertical stress (σv’) 
due to the torsional displacement applied on the specimen whilst the vertical strain was 
maintained constraint (i.e., εz = 0%). Fig. 5.2(c) shows the τ/p’ vs. γp relationship. In 
addition, in Fig. 5.3 typical changes in volumetric strain, void ratio and relative density 
observed for loose sand during the shear loading are presented. 
 



























γ θ =  (5.44) 
in which  
- γ e=γ -γ p, where γ e and γ p symbolizes the elastic and plastic strains, respectively. 
γe is evaluated by employing the IIS model (Hong Nam, 2004) as described in 
section 5.2. Note that the viscous effects such as creep and ageing are neglected in 
the current study; 
- γref = reference shear strain; 
- p’ = current effective mean principal stress; 
- p’0 = initial effective mean principal stress (=100 kPa); 
- (τ / p')max = peak shear stress in the plot τ /p'vs.γ p 
- G0 = initial shear modulus; G0 = 80 MPa was used in this study. 
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In the current study, a specimen with relative densities of Dr = 46.5 % was subjected to 
monotonic undrained torsional shear loading while preventing any vertical displacement 
of the top cap. The typical tests results are shown in Fig. 5.4, where a peak shear stress 
ratio (τ /p')max = 0.65 could be observed. It should be noted that, the stress-strain 
relationship (τ -γp) shown in Fig. 5.4(a), became hyperbolic in shape once it was 
expressed in terms of τ /p'-γ  relationship as shown in and Fig.5.4(c). 
 
5.3.1.2 GHE model for stress-strain relationship in torsional shear tests 
 
Since the stress-strain relationships during torsional shear loadings should be symmetrical 
in negative and positive shear (i.e., clockwise and anti-clockwise) directions, GHE 
parameters in one direction are enough to model the backbone curves in both negative 
and positive shear directions. Therefore, Eq. (5.36) can be rewritten as follows in order 
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The procedure for evaluation of C1(0), C1(∞), C2(0), C2(∞), α’ and β’ for the plane strain 
compression (PSC) tests, proposed by Tatsuoka and Shibuya (1991b), is illustrated in Fig. 
5.5. Note that in PSC test, it is assumed that mt = nt = 1.  
C1(0) and C2(0) can be obtained by being fitted into the initial part of  Y/X versus Y 
relationship, while C1(∞) and C2(∞) can be evaluated by being fitted into the end region 
of the Y/X versus Y relationship, as shown in Fig. 5.5.  
C1(X =1) and C2(X =1) can be evaluated as shown in Fig. 5.5 by drawing a tangential 
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line to the intersection point of Y/X versus Y and X =1 relationships.  
Then the two remaining parametersα’ and β’ can be determined by substituting the 
already evaluated C1(0), C1(∞), C2(0), C2(∞), C1(X =1) and C2(X =1) into the Eq. (5.46) 
and Eq. (5.47), respectively. 
 
5.3.1.3 Simulation of two-phase (drained + undrained) backbone curve using GHE model 
 
In this study, for each test both drained and undrained loading conditions were employed. 
In fact, a specific amount of initial static shear was achieved by applying monotonic 
drained torsional shear loading; subsequently, the cyclic behavior of sand with static shear 
was investigated under undrained loading conditions. 
 
The above procedure was employed to evaluate the GHE parameters of the Toyoura sand 
specimen subjected to drained and undrained monotonic torsional shear loadings. Fig. 5.6 
shows typical evaluation of GHE parameter for drained test 15 (D2).  
In PSC test, it is assumed that mt = nt = 1. However, it was observed that in assuming 
mt = nt = 1, the simulation of torsional shear backbone curves does not match well with 
the experimental results. Therefore both of mt and nt values were determined to be as by 
trial and error in the current study.  
 
In Fig. 5.7, it can be seen that the GHE model can efficiently simulate the 
stress-strain relationships of sand subjected to drained torsional shear loading up to the 
peak shear stress state, even in the case in which the vertical strain is constraint (i.e., εz = 
0%). It should be noted that, this drained test was performed in order to investigate the 
effects of initial static shear on the stress-strain relationship and compare it with the 
undrained stress-strain relationship.  
 
In Fig. 5.8, comparison of normalized stress (Y) and strain (X) relationships for loose 
drained and undrained specimens is shown. The normalized backbone curves show a 
similar tendency at the initial stage of shearing and at the peak state; in-between these two 
states, the curves differ from each other and the undrained stress level is greater than the 
drained one. This behavior was confirmed by comparing these tests results with the 
results obtained by other tests, as shown in Fig. 5.9. This behavior cannot be attributed 
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totally to the change in density, as typically shown in Fig. 5.3, but it is probably due to the 
constraint of vertical strain. However, further investigations are necessary to clarify the 
latter considerations. 
 
In Fig. 5.8, the close-up around the initial stage of shearing shows that the behavior of 
drained and undrained specimens is in agreement with each other. The range of stress 
shown in the close-up corresponds to the range of initial shear stress employed in this 
study (i.e., {(τstatic/p’0 )/ (τstatic/p’ )max}< 0.35 in all the tests). 
In view of the latter observed behavior, in this study, it was attempted to model the 
entire two-phase monotonic loading curve (drained loading followed by undrained one), 
by employing the GHE parameters obtained for the undrained curve, in order to maintain 
the continuity of strain development during the change of loading from drained to 
undrained. The effect of drained shear loading was taken into consideration for describing 
the stress path (i.e., p’ was assumed to be constant (p’=p’0) during the drained shear 
loading) as explained later in this chapter. 
 
The comparison between the experimental two-phase (drained + undrained) backbone 
curve obtained for the Test 4 (16-15) and its simulation using GHE model are shown in 
Fig. 5.10. 
It can be seen that the a single set of GHE parameters obtained from undrained test 
can well simulate the two-phase backbone curve (drained + undrained) of sand subjected 
to torsional shear loading while preventing any vertical displacement of the top cap (i.e., 


















Drained torsional shear test
with vertical displacment 













































Drained torsional shear test
with vertical displacment 
of top cap not allowed
 
 




















Drained torsional shear test
with vertical displacment 
of top cap not allowed
p'0=100 kPa
 
Fig. 5.2: Typical results of monotonic drained torsional shear test  
in which the vertical displacement of top cap was not permitted: 
(a) Stress-strain relationship; (b) Effective stress path; and (c) τ/p’ vs. γp relationship 
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(a) 
























Drained torsional shear test
with vertical displacment 



















Shear stress, τ (kPa)
Test 15 (D2)
Toyoura sand
Dr=50.6% Drained torsional shear test
with vertical displacment 




























Drained torsional shear test
with vertical displacment 
of top cap not allowed
 
Fig. 5.3: Typical results of monotonic drained torsional shear test  
in which the vertical displacement of top cap was not permitted: 
(a) Volumetric strain change ; (b) Void ratio change; and (c) Relative density change 












Undrained torsional shear test
with vertical displacment 
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Effective mean principal stress, p' (kPa)
Test 16 (U1) Dr=46.5%
Undrained torsional shear test
with vertical displacment 




































Undrained torsional shear test
with vertical displacment 
of top cap not allowed
p'0=100 kPa
Test 15 (D2) 
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Fig. 5.4: Typical results of monotonic undrained torsional shear test  
in which the vertical displacement of top cap was not permitted: 
(a) Stress-strain relationship; (b) Effective stress path; and (c) τ/p’ vs. γp relationship  
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Fig. 5.5: Typical evaluation of the parameters C1(X) and C2(X) in the  







































Fig. 5.6: Evaluation of the GHE parameters for Test 15 (D2) 
 











































Fig. 5.7: Typical simulation of drained backbone curve for Test 15 (D2) 
 
 






















































Fig. 5.8: Comparison of X-Y relationships for drained and undrained tests on loose sand. 
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 Test   6 (16-17)
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 Test 12 (20-20)
 Test 14 (D1)
 Test 15 (D2)












Fig. 5.9: Results and comparisons of X-Y relationships  
for several drained and undrained tests on loose sand  
 
 










































Fig. 5.10: Typical simulation of two-phase (drained + undrained) backbone for Test 6 (16-15) 
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5.3.2 Modeling the subsequent cyclic loading curves  
 
5.3.2.1 Masing’s second rule  
 
The cyclic behavior can be modeled by employing the well-known Masing’s 2nd rule 
(Masing, 1926; Ohsaki, 1980), as schematically shown in Fig. 5.11. It states that if the 
backbone curve can be simulated by an odd function ( )XfY = , where ( f(-X) = -f(X) ), 
the hysteretic unloading curve passing the initial point A having the coordinate of (XA, YA) 
can be obtained by  
 
2 2
A AY Y X Xf− − =  
 
 (5.48) 


















where, C1 and C2 are evaluated from Eq. (5.46) and Eq. (5.47), respectively. 
It is a known fact that the soil subjected to cyclic loading does not necessarily follow 
the original Masing’s rule (Pyke, 1979; Tatsuoka et al., 1997), therefore, several modified 
versions of Masing’s rules have been proposed. 
 
















Fig. 5.11:  Modeling of hysteresis curve using Masing’s 2nd rule (De Silva, 2008) 
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5.3.2.2 Proportional rule  
 
In order to consider the non-symmetry of the backbone curves in the compression and the 
extension sides of PSC loading, the proportional rule has been proposed by Tatsuoka et al. 
(2003).  
Suppose that the backbone curve in the compression side is represented by the 
equation Y = f(X) and in the extension side it is represented by the equation Y = g(X), Eq. 
(5.48) can be rewritten as 
 A A
p p
Y Y X Xh
n n
 − −
=   
 
 (5.50) 
 np = -(YA – YB)/YB  or np = -(XA – XB)/XB (5.51) 
where, (XA, YA) is the turning point A. 
- h(X) = g(X) for unloading and h(X) = f(X) for reloading, respectively  
- np denotes the proportional parameter. 
  
The location of points A and B and the schematic illustration of the proportional rule are 
shown in Fig. 5.12. In general, np > 2, and it changes during cyclic loading. Note that 
when f(X) = -g(X) as in the case with the Masing’s rule discussed in section 5.3.2.1, the np 
value to be used is always equal to 2.   



















   − −
      




5.3.2.3 External and internal rules 
 
The proportional rule can be separated into two sub-rules namely external and internal 
rules depending on the strain level of the current turning point and previous strain 
histories (Masuda, 1998; Masuda et al., 1999).  
The external rule and internal rule are basically the same, but vary in the way of 
deriving the proportional parameter np. In order to decide the type of rule to be applied, 
CHAPTER 5 – Modeling the effects of initial static shear on the undrained cyclic behavior of sand
 
 5-27
two limiting strain levels, referred to as the maximum and minimum strains (Xmax and Xmin, 
respectively), are defined each time the stress direction is reversed. If the turning occurs 
at or out of this strain range, then the external rule is applied. Otherwise, when the turning 
point occurs within the limit, the internal rule is applied as shown schematically in Fig. 
5.13. 
 













Y Y X Xf
n n
 − −




A B A B
p
B B
Y Y X Xn
Y X
   − −
=− =−   
   
where,
 
Fig. 5.12:  Schematic illustration of the proportional rule (De Silva, 2008) 
 














Y Y X Xf
n n
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Fig. 5.13:  Schematic illustration of the internal rule (De Silva, 2008) 
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5.3.2.4 Drag rule 
 
Tatsuoka et al., (1997) reported that the stress-strain relationships of soils are significantly 
influenced by cyclic strain hardening, damage by straining etc., which are caused by the 
rearrangement of the particles during cyclic loading, and suggested that additional rules 
are required to model these features to account for behaviors under more general stress 
conditions. In this regard, a conceptual approach by applying a horizontal shift to the 
basic skeleton curves (i.e., dragging the basic skeleton curve) along the X-axis (strain 
parameter axis) in the opposite direction to its loading direction was implemented for 
dense Toyoura sand under plane strain condition (Masuda, 1998; Tatsuoka et al., 2003). 
The concept of dragging is schematically illustrated in Fig. 5.14. 
Note that the idea of dragging the basic skeleton curve arose mainly based on the 
experimental evidence. It was assumed that the amount of drag, β applied to one basic 
skeleton curve in one loading direction is a function of the plastic shear strain 
accumulated in the opposite loading direction (Masuda, 1998; Balakrishnaiyer, 2000; 
Tatsuoka et al., 2003). The same approach was employed to model the cyclic stress-strain 
relationships of Toyoura sand under drained cyclic torsional shear loading condition 
(Hong Nam, 2004).  
 






















where, β denotes the amount of drag. In the current study, the following drag function 












where D1 and D2 are constants, which can be determined by trial and error based on the 
experimental data.  
D1 and D2 have the following physical meanings: 
D2 = maximum amount of drag 
D1 = a fitting parameter, which is equivalent to the initial gradient of the drag function. 
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   ∑∆= XX '  (5.55) 
where X∆ denotes the increment of normalized plastic strains in one direction (positive 










βΑC is the amount of drag 
of f(X) in (-)ve direction, 
which corresponds to 






βΟΑ is the amount of drag 
of g(X) in (+)ve direction, 
which corresponds to 
loading from O to A  



























β = Total amount of drag from origin in one 
loading direction
X’ = Total accumulated dX in the 
corresponding loading direction 
D1 = Fitting parameter












Fig. 5.15: Assumed drag function by Hong Nam (2004) 
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5.3.2.5 Damage and hardening parameters 
 
In view of the shortcomings of the Masing’s rule with drag, two conceptual modification 
factors, which take into account the hardening behavior and damage to plastic stiffness, 
were introduced by De Silva (2008) with the aim of reasonably simulating the 
stress-strain relationships of sand subjected to large cyclic torsional shear loading, while 
maintaining the continuity in the simulation. 
As described in section 5.3.1, the two parameters C1(X=0) and C2(X= ∞ ) in the general 
hyperbolic equation represent the initial stiffness and the peak strength, respectively. 
Therefore, the damage that occurred to the plastic stiffness could be obtained by 
multiplying C1(X) with an appropriate damage factor D, and the hardening could be 
obtained by multiplying C2(X) with a hardening factor S.  
Therefore, the hysteresis curve starting from a point A can be obtained as follows by 
modifying Eq. (5.49) 









X XY Y X X






   − −× × ×      
   
 
(5.56) 
In order to maintain the continuity, the dragged backbone curve, which is in the same 
direction as the curve to be modeled, should be modified as follows in order to determine 
the proportional parameter np for external and internal rules 




( ) ( )
XY X








− × − ×
 
(5.57) 
Note that, in the method proposed by Tatsuoka et al. (2003), a unique backbone curve 
in either positive or negative direction was dragged (S and D is equal to 1.0) to apply the 
proportional rules. On the other hand, De Silva (2008), in order to consider the damage 
and hardening, proposed a backbone curve that changes with subsequent cyclic loading 
by means of drag. 
 
Evaluation of the damage parameter D 
In the study conducted by De Silva (2008), it was found that the plastic shear modulus 
can be expressed as an “S curve” of the total plastic strain accumulated between the 
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current and previous turning points as follows.  




















where, Dult is the minimum value of D and pz pθγ∆∑  is the total plastic strain accumulated 
between the current and previous turning points.  
 
Evaluation of the hardening parameter S 
De Silva (2008) assumed that the hardening parameter S can be expressed as a hyperbolic 
function of the total normalized plastic strain up to the current turning point as follows 
   
( )
Upto current turing point






















where, Sult is the maximum value of S after applying an infinite number of cycles, and D1 
and D2 are the parameters used in the drag function as shown in Eq. (5.54).  
 
5.3.2.6 Simulation of the subsequent stress-strain relationship  
 
In order to properly investigate the effects of drag, damage and hardening with cyclic 
loading, it is necessary to conduct a large number of experiments until failure with 
varying cyclic stress amplitude. Since this was out of the scope of this study, the 
parameters of drag (D1 and D2), damage (Dult) and hardening (Sult) were established by 
trial and error by referring to those employed by Hong Nam (2004) and De Silva (2008). 
 
De Silva proposed two values of Dult and two values of Sult:  
- Dult = 0.2 for varying stress amplitude cyclic loadings, and Dult = 0.6 for constant 
stress amplitude cyclic loadings; 
- Sult = 0.15 for varying stress amplitude cyclic loadings and Sult = 1.35 for constant 
stress amplitude cyclic loadings.  
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Hong Nam (2004) proposed D1 = 0.45 and D2 = 3.13 for Toyoura sand (Drini = 71 %) 
subjected to cyclic torsional shear loading starting from isotropic stress state (σ’z = σ’r = 
σ’θ = 100 kPa) for the cases where there is no damage and hardening.  
After introducing the damage and hardening factors, De Silva (2008) recommended 
D1 = 0.15 and D2 = 12 to simulate the stress-strain relationships using the extended 
Masing’s rule with proportional rules.  
 
In this study, by trial and error, the following parameters were set: 
(i) Drag:  D1= 0.25  and  D2 = 12; 
(ii) Damage: Dult = 0.6 (constant stress amplitude cyclic loading);  
(iii) Hardening: Sult = 1.05. 
In a similar manner to that of De Silva (2008), the damage parameter D was assumed to 
be equal to 1.0 (i.e., no damage) until the stress state first exceeds the yield stress of the 
material. The yield stress was taken as the stress state at which volumetric response of the 
material changed from contractive to dilative behavior (usually when τ/p’ ≈ 0.5, the value 
0.8 as shown in Eq. (5.58) corresponds to the γ p value at which yielding occurs).  
 
The comparison of experimental data with the simulation using (i) Masing’s 2nd rule with 
proportional rule, (ii) Extended Masing’s rule (i.e., Masing’s rule with drag), and (iii) 
Extended Masing’s rule with damage and hardening are shown in Fig 5.16 and Fig. 5.17.  
 Fig. 5.16(a) and Fig. 5.17(a) show that the simulation using Masing’s 2nd rule with 
proportional rule is not consistent with the test results.  
 Fig. 5.16(b) and Fig. 5.17(b) show that the simulation results after introducing the 
dragging of the backbone curves into the cyclic loading. Due to the constant cyclic shear 
stress amplitude, effect of drag is not relevant. As a result, large deformation behavior as 
observed in the experiment cannot be well simulated by the application of drag only.  
Fig. 5.16(c) and Fig. 5.17(b) show that the simulation results become consistent with 
the experimental data after introducing damage and hardening into the model, and the 
cyclic stress-strain relationship can be reasonably simulated up to strain level of 8 %. 
 It should be noted that, the development of shear strain during undrained cyclic 
loading is governed also by the stress-dilatancy relationship; hence, different simulations 
can be obtained when different stress-dilatancy models are used (refer to Fig. 5.27). 
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Fig. 5.16: Typical simulation for Test 3 (16-10) using: (a) Masing’s 2nd rule with proportional rule; 
(b) Masing’s rule with drag; and (c) Masing’s rule with drag, damage and hardening 
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(a) 
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Fig. 5.17: Typical simulation for Test 4 (16-15) using: (a) Masing’s 2nd rule with proportional rule; 
(b) Masing’s rule with drag; and (c) Masing’s rule with drag, damage and hardening 
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5.4 Stress-dilatancy relationship of sand in torsional shear tests 
 
In order to describe the dilatancy behavior of soil, a relationship that deals with the ratio 
of plastic strain increments to stress ratio (i.e., a flow rule) is required in addition to the 
stress-strain relationship. This relationship is known as the stress-dilatancy relationship.  
It should be noted that the theoretical stress-dilatancy relations, such as the Rowe’s 
stress-dilatancy equations (refer to Appendix B), are derived only for either triaxial (dε2 = 
dε3 or dε2= dε1) or plane strain (or simple shear) (dε2 = 0) loading conditions. On the other 
hand, Pradhan (1990) reported based on his experimental data on cyclic torsional shear 
loading of Toyoura sand that two unique empirical relationships of (τzθ/p’) versus 
(-dεpvol/ dγpzθ) for dτzθ > 0 and dτzθ < 0 could be derived for Toyoura sand subjected to 
cyclic torsional shear loadings. De Silva (2008) attempted to investigate the applicability 
of Rowe’s stress-dilatancy relationships in case of torsional shear loading, as described in 
Appendix B. Nishimura (2002) employed an empirical stress-dilatancy relationship to 
model the drained and undrained cyclic behavior of sand by assuming a linear 
combination of (τzθ/p’) vs. (-dεpvol/ dγpzθ ). In this study the bilinear stress-dilatancy 
relationship proposed by Nishimura (2002) was employed. 
 
5.4.1  Empirical bi-linear stress-dilatancy equation for torsional shear loading 
 
Nishimura (2002) employed an empirical linear combination of τzθ/p’ vs. –dεvol p/dγ p to 
model the stress-dilatancy relationship of Toyoura sand subjected to cyclic torsional shear 
loading. He further showed that the stress-dilatancy relationships during virgin loading 
and subsequent cyclic loadings are different, hence he modeled them using different 
linear equations.  
 For pzd θγ  > 0                 












= − + 
 
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 For pzd θγ  < 0  












= − − 
 
    (5.61) 
The previously mentioned stress-dilatancy relationship was successfully employed by 
De Silva (2008) to model the liquefaction behavior of dense Toyoura sand in cyclic 
torsional shear tests, as shown in Fig. 5.18. 
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Fig. 5.18:  Comparison of experimental data fro Test SAT35 and simulation results using the 
empirical relationship proposed by Nishimura (2002) (after De Silva, 2008) 
 
However, in order to obtain a more realistic simulation of ε pvol, and to take the slight 
variations in the stress-dilatancy relationship during cyclic shearing into considerations, 
the above bilinear stress-dilatancy relationship was further modified by De Silva (2008) 
by introducing the damage factor Dm  











= × × − ±     (5.62) 
where 
- Dm = the same as the damage parameter D in Eq. (5.58); 
- Rmax = the maximum value of Rk in Eq. (5.60) or Eq. (5.61); 
- Cmin = the minimum value of C in Eq. (5.60) or Eq. (5.61); 
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In addition, the following boundary conditions were specified for Rmax×Dm value and 
Cmin/Dm value by referring to the experimental data: 
- Rmax×Dm > 1.0 (if Rmax×Dm becomes less than 1.00, Rmax×Dm = 1.00 to be used) 
- Cmin/Dm < 0.50 (if Cmin/Dm becomes greater than 0.50, Cmin/Dm = 0.50 to be used) 
 
5.4.2 Evaluation of the generation of excess pore water pressure 
 
Although volumetric strain increment (dεvol) during undrained loading is equal to zero, it 
is considered to consist of two major components namely volumetric strain components 
due to dilatancy (dε dvol) and consolidation/swelling (dε cvol). The change of mean 
effective stress (p’) during undrained loading causes the consolidation/swelling of 
specimen, while the change of shear stress causes the dilation of the specimen. As well, 
possible errors due to the effects of membrane penetration (dε MPvol) and end restraint 
(dε ERvol) should be considered. Therefore, the following equation can be written: 
    ( ) 0c d ER MPvol vol vol vol vold d d d dε ε ε ε ε= + + − =     (5.63) 
However, it has been observed in previous studies (De Silva, 2008; among others) that the 
effects due to membrane penetration and end restraint are nearly counter-balanced to each 
other. Thus, Eq. (5.63) can be rewritten as  
    0c dvol vol vold d dε ε ε= + =     (5.64) 
Quasi-elastic bulk modulus is defined as follows: 





=     (5.65) 
It can be also expressed as a unique function of the mean effective principal stress (p’) as 
    
( ) ( ')








=     (5.66) 
where 
- Ko = bulk modulus at reference mean effective stress (p’o); 
- f(e) and f(eo) = void ratio functions at current and reference stress states, respectively. 
- mk = coefficient to model the stress-state dependency of K. 
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By substituting Eq. (5.65) into Eq. (5.66), and considering that f(e) = f(eo) in 
undrained tests, the volumetric strain component due to consolidation ( cvoldε ) can be 
defined as follows 
















    
(5.67) 
Finally, by combining Eq. (5.64) with Eq. (5.67), the following equation to evaluate the 
change of mean effective stress (dp’) during undrained cyclic loading can be derived: 












    (5.68) 
where dvoldε is the volumetric strain increment due to dilatancy. 
 
Quasi-elastic bulk modulus (K) is usually indirectly evaluated by using E and ν with the 
main assumption that the soil is isotropic, which may not be true. However, the direct 
evaluation of K requires an accurate measurement of the volumetric change of the 
specimen at quasi-elastic strain range. De Silva (2008) attempted to directly evaluate K 
using a high sensitive electronic balance which is free from the effects of surface tension 
or meniscus force on the water retained into the beaker.  
In this study, taking advantages of the tests results of previous studies where the high 
sensitive electronic balance was employed, the bulk modulus (K) for loose Toyoura sand 
specimens was determined empirically using the following procedure.  
Eq. (5.66) shows that the bulk modulus (K) can be expressed as a unique function of 
the mean effective principal stress (p’). However, at p’=p’0, the K value of a specimen 
having any density can be evaluated as a function of the K0 and f(e0) which are the bulk 
modulus and the void ratio function at the reference effective principal stress (p’0), 
respectively. Therefore, at p’=p’0, Eq. (5.66) can be rewritten as 





efKpp =⇒=    (5.69) 
 
CHAPTER 5 – Modeling the effects of initial static shear on the undrained cyclic behavior of sand
 
 5-39
Hence, by employing Eq. (5.69) while referring to a reference value of K0 = 50 MPa at e0 
= 0.784 (i.e., f(e0) = 1.055), as evaluated experimentally by De Silva (2008), the bulk 
modulus of each specimen was determined as shown in Fig. 5.19. 
 Since K was found varying between 46 MPa and 48 MPa, a bulk modulus K = 47 
MPa was selected to be used as K0 in the model to simulate the stress-dilatancy 
relationships of all the specimens. 
 
In addition, a coefficient mk = 0.50, to model the stress-state dependency of K, was used 
in the current study, which is a typical value employed for loose Toyoura sand specimens. 
 
 
























Void ratio , e
K= K0/{f(e) /f(e0)} 
f(e)=(2.17-e)2/(1+e)













Fig. 5.19: Evaluation of bulk modulus for all the tests. 
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5.4.3  Modeling the initial static shear on the effective stress path 
 
The presence of initial static shear widely affects the monotonic undrained behavior of 
sand as well as the subsequent cyclic liquefaction behavior (e.g., liquefaction resistance, 
failure behavior, mode of residual strain development, etc).  
Under the same initial condition of void ratio and effective mean principal stress, the 
peak undrained strength of sand during monotonic shearing increases with the initial 
static shear stress as shown in Fig. 4.11. 
 
In this study, the initial shear stress was simulated by a monotonic drained loading path 
before the undrained monotonic shearing, with the simplified assumption that no change 
of p’ occurs (i.e., p’= p’0 = constant). As a result, as shown in Fig. 5.20, an increase in the 
peak undrained strength of sand with the initial static shear was observed in the 
simulation results in a similar manner to that of the experimental observations. 
 
 




























Fig. 5.20: Effects of static shear on the undrained peak strength 
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5.4.4  Combined effects of over-consolidation and initial static shear  
 
During undrained cyclic loadings, the effective mean principal stress (p’) decreases with 
number of cycles. It is assumed that the above reduction is associated with two 
mechanisms. Firstly, the soil is subjected to significant effects of over-consolidation until 
the stress state exceeds the phase transformation stress state for the first time (i.e., the first 
instance where the volumetric behavior changes from contractive to dilative (dp’>0); 
Ishihara (1975) defined this stress state as the phase transformation stress state). Then the 
soil will enter into the stage of cyclic mobility.  
Effects of over-consolidation significantly alter the stress-dilatancy relationship until 
the stress state exceeds the phase transformation stress state of the material for the first 
time. After the stress state exceeds the phase transformation stress state for the first time, 
the stress-dilatancy relationship during cyclic torsional loading is modeled simply by the 
modified bilinear stress-dilatancy relationship as expressed in Eq. (5.62).  
 
5.4.4.1  Over-consolidation boundary surface (Oka et al., 1999) 
 
Oka et al. (1999) proposed the following stress-dilatancy equation to consider the effects 
of over-consolidation within a certain boundary. 































              (dτzθ > 0) (5.70) 














τ  (5.71) 




pC zθτ=  (5.72) 
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The above equation is the same as the empirical bilinear stress-dilatancy relationship 
proposed by Nishimura (2002) in Eq. (5.60). Therefore, Eq. (5.70) meets Eq. (5.60) when 
Dk = 1.0, and the over-consolidation boundary surface to induce Dk = 1.0 can be defined 
by Eq. (5.72).  
Rearranging the terms in Eq. (5.72) yields 
 ')'/'ln( 0 pppCz =θτ  (5.74) 
 
Note that whenever the stress state exceeds the phase transformation stress state for the 
first time, the effects of over-consolidation is assumed to have vanished and the modified 
bilinear stress-dilatancy relationship can be applied to evaluate dεdvol.  
 
Definition of over-consolidation boundary surface and phase transformation line is shown 
in Fig. 5.21. 
 
 












































Fig. 5.21: Definition of OC boundary surface (Oka et al., 1999) and phase transformation line. 
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5.4.4.2  Modified over-consolidation boundary surface  
 
A modified OC boundary surface which takes the effects of initials static shear into 
account is proposed in this study. 
 
The OC boundary surface has been used in previous studies (e.g., Oka et al. (1999); 
among others) not only to define the region within which the specimen behaves as 
contractive while being affected by of over-consolidation, but also to control the shape of 
the plastic potential function (i.e., yield surface). 
It is recognized that the yield surface expands in as such a way that the current stress 
state never exceeds it. In fact, under isotropic consolidation conditions it can shrink or 
extend horizontally if the soil is over-consolidated or normally consolidated, respectively. 
Under anisotropic consolidation conditions, due to the presence of deviator stress, it is 
assumed that the yield surface can rotate centered about the origin (0; 0) with respect to 
the axis of zero deviator stress state, since the stress state at the end of the consolidation 
process is different from the one under isotropic stress conditions. As a results, the shape 
and the location of yield surface changes according to the extent of deviator stress and the 
over-consolidation ratio. 
 
In view of the above, the following stress-dilatancy equation, to consider the combined 
effects of over-consolidation and the initial static shear stress within a certain boundary, 
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staticz ττ θ −
=  (5.77) 
where τstatic/p’0 is the inclination of the line which connects the point of coordinates 
(τstatic; p’0) with the point of coordinates (τ =0; p’=0). In fact it is assumed that due to the 
presence of initial static shear the OC boundary surface can rotate centered about the 
origin (τ =0; p’=0) by a quantity of τstatic/p’, as shown schematically in Fig. 5.22. 
 




























which is the same as Eq. (5.60) proposed by Nishimura (2002). Therefore, Eq. (5.75) 
meets Eq. (5.60) when Dk = 1.0, and the modified over-consolidation boundary surface, 
which takes the initial static shear stress into account, can be defined by Eq. (5.77).  
 
Note that, when τstatic = 0 the modified OC boundary surface proposed in this study meets 
the OC boundary surface (Fig. 5.21) proposed by Oka et al. (1999).  
 























Effective mean principal stress, p' (kPa)





Fig. 5.22: Modified OC boundary surface as defined in this study. 
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5.4.5  Four-phase stress-dilatancy model employed in this study 
 
In this study the empirical bi-linear stress-dilatancy relationship proposed by Nishimura 
(2002) and modified by De Silva (2008) was employed. However, further modifications 
were necessary to take into consideration the effects of initial static shear in modeling the 
tests results. 
 
In a similar way to that of De Silva (2008), the stress path during undrained loading was 
divided into four sections namely: 
 
(A) Virgin stress path; 
(B) Stress path within the limits of phase transformation stress state; 
(C) Stress path within the limits of modified over-consolidation boundary surface; and 
(D) Stress path after exceeding the phase transformation stress state for the first time. 
 
A typical simulation result using the four-phase stress-dilatancy model employed in the 
current study, with the parameter values as assigned below, is shown in Fig. 5.23. 
Different stress-dilatancy relationships were used for each section of the stress path to 
evaluate the volume change increment due to dilatancy. 
 
(A)  Virgin stress path 
 
Previous studies (Nishimura, 2002; De Silva, 2008; among others) showed that the 
stress-dilatancy relationships during the virgin loading before the first reversal of loading 
direction and the subsequent cyclic loading are different from each other.  
In this study the stress-dilatancy relationship during the virgin loading was modeled 
as follows (the coefficients Rk and C were set by trial and error) 




















  (5.79) 
 Rk = 1.7 and C = 0.595 (set by trial and errors)  
C is the τzθ/p’ value at zero dilatancy (phase transformation). 
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(B)  Stress path within the limits of phase transformation stress state 
 
The stress-dilatancy relationship above the OC boundary surface and below the phase 
transformation line was modeled as follows: 


















































        (5.80) 
 Rk = 2.2 and C = 0.45 (as proposed by De Silva, 2008)  
max
'p
zθτ is the maximum of '/ pzθτ applied to the specimen up to the current stress state.  
C is the τzθ/p’ value at zero dilatancy (phase transformation). 
 
(C)  Stress path within the limits of modified over-consolidation boundary surface 
 
The stress-dilatancy relationship within the OC boundary surface and below the phase 
transformation line was modeled as follows: 
































































































                   
(5.81) 
 Rk = 2.2 and C = 0.45 (as proposed by De Silva, 2008)  
max
'p
zθτ is the maximum of '/ pzθτ applied to the specimen up to the current stress state.  
C is the τzθ/p’ value at zero dilatancy (phase transformation). 
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(D)  Stress path after exceeding the phase transformation stress state for the first time 
 
The stress-dilatancy relationship above the phase transformation line was modeled as  
















= × × − ±       (5.82) 
 Rmax= 2.2 and Cmin = 0.36 (as proposed by De Silva, 2008)  
max
'p
zθτ is the maximum of '/ pzθτ applied to the specimen up to the current stress state.  
C is the τzθ/p’ value at zero dilatancy (phase transformation). 
 
 
The stress-dilatancy after the reversal of the loading direction was modeled with another 



































ετ  (5.83) 
 Rk = 0.33 and C = 0.18 (as proposed by De Silva, 2008)  
max
'p
zθτ is the maximum of '/ pzθτ applied to the specimen up to the current stress state.  
C is the τzθ/p’ value at zero dilatancy (phase transformation). 
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(a) 












































































Fig. 5.23: Typical simulation result for Test 3 (10-16) using the four-phase stress-dilatancy model 
employed in the current study: (a) τzθ/p’ vs. dεpvol / dγpzθ relationship; and (b) Effective stress path.  
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5.4.6  Simulation of the effective stress path using the four-phase stress-dilatancy model 
 
To simulate the cyclic stress path, the four-phase stress-dilatancy model described in 
section 5.4.5 and shown in Fig. 5.23(a) was used. 
 
Fig. 5.24 shows the comparison of experimental data with the simulation results for Test 8 
(20-00) in which no static shear was employed. The simulation of the virgin stress path 
using the empirical linear stress-dilatancy described by Eq. (5.79) is consistent with the 
test results.  
Fig. 5.25 shows the comparison of experimental data with the simulation results for 
Test 12 (20-00), considering the cases with and without initial static shear stress. It can be 
seen that after the introduction of the drained loading path (i.e., initial static shear) in the 
model, the simulation of virgin stress path becomes consistent with the experimental data.  
It should be noted that, in both cases the same stress-dilatancy relationship with 
coefficients Rk = 1.7 and C = 0.595, as described by Eq. (5.79), was employed; therefore, 
the use of a drained loading path makes it possible to use the model to describe the effects 
of initial static shear on the monotonic undrained behavior of sand. 
 
Fig. 5.26 shows the comparison of experimental data with the simulation results for Test 3 
(16-10) in terms of effective stress paths. In Fig. 5.26 the OC boundary surfaces and the 
phase transformation lines are also shown in aiding to understand which of the four 
stress-dilatancy relationships was used to model each part of the stress path.  
In Fig. 5.26(a), experimental observations show that during the cyclic loading, p’ 
progressively decreases at a rather constant dp’ during both loading and unloading stages 
until it reaches for the first time the phase transformation line. 
In Fig. 5.26(b), typical simulation results obtained without using the OC boundary 
surface are presented. They are not consistent with experimental data since p’ decreases 
very quickly. 
In Fig. 5.26(c), simulation results obtained using the OC boundary surface as defined 
by Oka et al. (1999) are presented. The simulation results are not consistent with the 
experimental data. In fact, p’ mostly decreases in the region outside the OC boundary 
surface; as well, when the reversal of stress occurs within the OC boundary surface, no 
change in p’ can be observed. It should be noted that, due to the presence of initial static 
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shear, the loading path is shifted vertically with respect to the axis of zero shear stress 
state (τ =0). On the contrary, the shape and the location of the OC boundary surface is the 
same irrespective of the level of static shear. This is the main reason why the simulation 
results are not consistent with the experimental data.  
In Fig. 5.26(d), simulation results obtained using the modified OC boundary surface 
proposed in this study are presented. In this case, the OC boundary surface moves 
according with the extent of static shear. Simulation results are much more consistent 
with the test results. 
 
Fig. 5.27 shows the comparison of experimental data with the simulation results for Test 3 
(16-10) in terms of stress-strain relationships. It can be seen that using the modified OC 
boundary surface, the stress-strain relationship can be simulated qualitatively.








































































Fig. 5.24: Typical simulation of virgin stress path for  
Test 8 (20-00) in which no initial static shear was employed 
 
 






































































Fig. 5.25: Typical simulation of virgin stress path  
with/without initial static shear effects for Test 12 (20-20) 
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Fig. 5.26: Typical effective stress path for Test 3 (16-10): (a) Experimental observations;  
(b) Simulation without using the OC boundary surface; (c) Simulation using the OC boundary 
surface; and (d) Simulation using the modified OC boundary surface  
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Fig. 5.27: Typical stress-strain relationship for Test 3 (16-10): (a) Experimental observations;  
(b) Simulation without using the OC boundary surface; (c) Simulation using the OC boundary 
surface; and (d) Simulation using the modified OC boundary surface 
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5.5 Simulation results of the liquefaction behavior of sand with initial static shear 
 
5.5.1  Simulation results 
 
The comparison of the experimental data with simulation results for all the tests, in terms 
of effective stress paths and stress-strain relationships, are presented hereafter in Fig. 5.28 
through Fig. 5.39. It should noted that, the stress-strain relationships are shown in the 
shear strain range of ±12.5 % to better compare each of the experimental data with the 
simulation results.  
It can be seen that the elasto-plastic constitutive model presented in this study is able 
to simulate the liquefaction behavior of loose sand under undrained cyclic torsional shear 
loading until the specimen enters into a full liquefaction state, as well during the cyclic 
mobility process. The development of large deformation up to 8% can be qualitatively 
simulated. 
The simulation results also show that this model can simulate the liquefaction 
behavior of sand under general conditions of stress reversal, intermediate and 
non-reversal loadings by varying the initial static shear and the amplitude of cyclic shear 
stress (i.e., varying the degree of reversal loading, R*).  
 
5.5.2  Failure behaviors of sand 
 
As mentioned in chapter 4, the degree of reversal stress is the main parameter used to 
describe the failure behavior of sand. However, for a comprehensive understanding of the 
failure behavior of sand the comparison between both monotonic and cyclic undrained 
behaviors is necessary. 
The simulation results confirmed that the three types of failure defined in this study 
can be effectively simulated by employing the proposed model. 
Fig. 5.40 shows typical simulation results of the cyclic liquefaction failure (LQ) 
behavior, in which full liquefaction (p’=0) is achieved after applying many cycles of 
loading. It should be noted that, LQ failure can only occur under reversal stress 
conditions. 
On the other hand, Fig. 5.41 and Fig. 5.42 show the typical simulation results of rapid 
flow liquefaction failure (RF) behavior for reversal and intermediate loading cases, 
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respectively. In both of these cases, liquefaction and large deformation are achieved 
in-between the first cycle of loading. 
Fig. 5.43 shows the typical simulation results of the residual deformation (RD) 
behavior in which liquefaction does not occur due to the non-reversal stress conditions. 
However, failure is achieved due to the development of large residual deformation.  
 
In Fig. 5.44 the simulation results for Test 6 (16-17) are presented. They clearly show that 
even though the minimum value of non-reversal stress is just 1 kPa (i.e., τmin=1 kPa, R*= 
-0.03), liquefaction does not occur. On the contrary, the experimental observations show 
that liquefaction was achieved for Test 6 (16-17), as shown in Fig. 4.9. Therefore, these 
simulation results suggest that the technical limitations in conducting correction for 
membrane force and/or accurate control can be the reason why in the laboratory tests 
liquefaction was achieved even under non-reversal stress-conditions.  
 
In addition, by numerical simulations, the following case in which either failure or 
liquefaction did not take place even after applying several tens of cycles could be defined 
when the maximum cyclic shear stress was lower than the monotonic peak stress 
(τmax < τpeak) as well as the minimum shear stress was positive (τmin>0), as typically shown 
in Fig. 5.45. This additional case hereafter is called No Failure-No Liquefaction (NN). 
 
5.5.3 Development of residual deformation due to cyclic shearing  
 
The mode of development of residual deformation obtained by the numerical simulation 
for the case of LQ failure, RF failure and RD failure behaviors is shown in Fig. 5.46. In a 
similar manner to that of the experimental results, to analyze the simulation results the 
residual deformation (γRS) during cyclic loading was measured in terms of shear strain  
at the moment when the stress state recovered the initial value of static shear stress (i.e., 
τ = τstatic , dτ < 0) during the unloading stage of each cycle (as illustrated in Fig. 4.12). 
 
In Fig 5.46(a), the residual deformation behavior of specimens showing cyclic 
liquefaction failure behavior (LQ) obtained by numerical simulations is compared with 
the experimental data. Simulation results are quite consistent with the experimental 
observations. 
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In Fig. 5.46(b) the behavior of specimens characterized by rapid flow liquefaction failure 
mode (RF) obtained by numerical simulations is compared with the experimental data. In 
this case also by numerical simulations, large deformation is achieved in a few cycles, but 
the amount of shear strain developed in the laboratory tests is larger than the one 
developed in the simulations by referring to the same the number of cycles. 
 
Fig. 5.46(c) shows the case of residual deformation failure (RD). These tests confirmed 
that large deformation could be reached even in the case where liquefaction did not take 
place. Simulation results are consistent with the experimental observations. 
 
These simulation results confirmed that three types of mode of development of residual 
deformation can be observed according to the above types of failure behavior of sand. 
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5.5.4 Resistance to cyclic strain accumulation 
 
The resistance to liquefaction (or more strictly, resistance to cyclic strain accumulation) 
was evaluated in terms of the number of cycles required to develop a specific amount of 
residual shear strain γRS = 7.5 % (N7.5), which corresponds to an axial strain (εa) of 5% in 
undrained Triaxial Compression (TC) tests. 
 Fig. 5.47 show the resistance to cyclic strain accumulation, in terms of relationship 
between either the cyclic stress ratio (CSR = τcyclic / p’0) or the static stress ratio (SSR = 
τstatic / p’0) and the number of cycles required to develop a γRS = 7.5 % (N7.5), for all the 
simulation results which are listed in Table 5.1. It should be noted that, additional tests 
conditions were simulated to better describe the above mentioned relationships. 
 As already pointed out in chapter 4, the CSR is not a sufficient single parameter to 
describe the effects of initial static shear on the resistance against strain accumulation, as 
shown in Fig. 5.47 (a). Therefore, the simulation results are described also in terms of 
SSR as shown in Fig. 5.47(b). 
 It can be seen that, the resistance against strain accumulation can either increase or 
decrease depending on the level of initial static shear and cyclic shear stresses (i.e., the 
extent of reversal stress, R*), in a similar manner to that of the experimental observations 
presented in chapter 4. A two-phase change in strain accumulation behavior can be 
observed; it was associated with a two-phase change in failure behavior from LQ to RF 
and from RF to RD.  
  
Fig. 5.48 confirmed that, although the degree of reversal stress (R*) can be used to 
describe the change in the strain accumulation, it is not a sufficient single parameter to 
describe the two-phase change in the strain behavior. On the contrary, the failure behavior 
can be used to describe clearly the two-phase strain accumulation behavior: the sudden 
drop in the resistance against strain accumulation can be associated with the two-phase 
change in the failure behavior from LQ to RF; on the other hand, the sudden increase in 
the resistance against strain accumulation can be associated with the two-phase change in 
the failure behavior from RF to RD. 
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Test 1 (16-00) 0 16 0.000 0.160 1.00 33.5 Rev LQ 
Test 2 (16-05) 5 16 0.050 0.160 0.60 19.5 Rev LQ 
Test 3 (16-10 10 16 0.100 0.160 0.23 7.5 Rev LQ 
Test 4 (16-15) 15 16 0.150 0.160 0.03 1.5 Rev RF 
Test 5 (16-16) 16 16 0.160 0.160 0.00 1.5 Int RF 
Test 6 (16-17) 17 16 0.170 0.160 -0.03 3.5 N-Rev RD 
Test 7 (16-20) 20 16 0.200 0.160 -0.11 5.5 N-Rev RD 
S 16-02.5 2.5 16 0.025 0.160 0.73 23.5 Rev LQ 
S 16-07.5 7.5 16 0.075 0.160 0.36 13.5 Rev LQ 
S 16-12.5 12.5 16 0.125 0.160 0.12 1.5 Rev RF 
S 16-25 25 16 0.250 0.160 -0.22 6.5 N-Rev RD 
S 16-30 30 16 0.300 0.160 -0.30 7.5 N-Rev RD 
Test 8 (20-00) 0 20 0.000 0.200 1.00 6.5 Rev LQ 
Test 9 (20-05) 5 20 0.050 0.200 0.60 5.5 Rev LQ 
Test 10 (20-10 10 20 0.100 0.200 0.33 1.5 Rev RF 
Test 11 (20-15) 15 20 0.150 0.200 0.14 1.5 Rev RF 
Test 12 (20-20) 20 20 0.200 0.200 0.00 2.5 Int RF 
S 20-02.5 2.5 20 0.025 0.200 0.78 6.5 Rev LQ 
S 20-07.5 7.5 20 0.075 0.200 0.45 1.5 Rev RF 
S 20-17.5 17.5 20 0.125 0.200 0.07 1.5 Rev RF 
S 20-25 25 20 0.250 0.200 -0.11 3.5 N-Rev RD 
S 20-30 30 20 0.300 0.200 -0.20 4.5 N-Rev RD 
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Fig. 5.28: Test 1 (16-00): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.29: Test 2 (16-05): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.30: Test 3 (16-10): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.31: Test 4 (16-15): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.32: Test 5 (16-16): (a) Experimental observations; and (b) Simulation results  
 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 
  5-64 
 
 
Effective stress path Stress-strain relationship 




















Effective mean principal stress, p' (kPa)
Test 6 (16-17)
τstatic±τcyclic= 33/ 1 kPa
Dr = 47.9%Non-reversal


















Shear strain, γ (%)
Test 6 (16-17) Dr=47.9%
τstatic= 17 kPa





Effective stress path Stress-strain relationship 






















τcyclic= 16 kPa τstatic±τcyclic= 33/ 1 kPa
Dr=46.0%
Non-reversal


























Fig. 5.33: Test 6 (16-17): (a) Experimental observations; and (b) Simulation results  
 





Effective stress path Stress-strain relationship 




















Effective mean principal stress, p' (kPa)
Test 7 (16-20)
τstatic±τcyclic= 36/ 4 kPa
Dr = 45.3%Non-reversal


















Shear strain, γ (%)
Test 7 (16-20) Dr=45.3%
τstatic= 20 kPa





Effective stress path Stress-strain relationship 


















Effective mean principal stress, p' (kPa)
Test 7 (16-20)
Simulation τstatic= 20 kPa
τcyclic= 16 kPa
τstatic±τcyclic= 36/ 4 kPa
Dr=46.0%Non-reversal


























Fig. 5.34: Test 7 (16-20): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.35: Test 8 (20-00): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.36: Test 9 (20-05): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.37: Test 10 (20-10): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.38: Test 11 (20-15): (a) Experimental observations; and (b) Simulation results  
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Fig. 5.39: Test 12 (20-20): (a) Experimental observations; and (b) Simulation results  
 











































































Fig. 5.40: Typical simulation of cyclic liquefaction failure (LQ) behavior:  
(a) Effective stress path; and (b) Stress-strain relationship 
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Fig. 5.41: Typical simulation of rapid flow liquefaction failure (RF) behavior  
for reversal tests: (a) Effective stress path; and (b) Stress-strain relationship 
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Fig. 5.42: Typical simulation of rapid flow liquefaction failure (RF) behavior for 
 intermediate tests (e.g., Test 5): (a) Effective stress path; and (b) Stress-strain relationship 
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Fig. 5.43: Typical simulation of residual deformation (RD) behavior (e.g., Test 7):  
(a) Effective stress path; and (b) Stress-strain relationship 
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Test 6 (16-17) Simulation
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 τpeak= 27.9 kPa
 
 
Fig. 5.44: Typical simulation of residual deformation (RD) behavior (e.g., Test 6):  
(a) Effective stress path; and (b) Stress-strain relationship 
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Fig. 5.45: Typical simulation of no liquefaction and no failure behavior (NN)  
 (e.g., S 15-10): (a) Effective stress path; (b) Stress-strain relationship; and  
(c) Close-up of stress-strain relationship in Fig. 5.43(b) 
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Fig. 5.46: Development of residual deformation during the cyclic loading:  
(a) LQ failure behavior; (b) RF failure behavior; and (c) RD failure behavior. 
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Fig. 5.47: Strain accumulation resistance curve in terms of : 
(a) CSR vs. Number of cycles to cause γRS = 7.5%; and 
 (b) SSR vs. Number of cycles to cause γRS = 7.5% 
 

































































Fig. 5.48: Strain accumulation resistance curve in terms of 
Degree of reversal stress vs. Number of cycles to cause γRS = 7.5%  
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5.6 Summary 
 
With the aim of simulating the behavior of saturated sand with initial static shear 
undergoing undrained cyclic loading which leads to liquefaction and large cyclic shear 
strain development, an elasto-plastic constitutive model which can describe both 
monotonic and cyclic torsional shear behaviors of saturated sand with initial static shear 
under drained or undrained condition was presented in this study.  
  
To simulate drained and undrained large cyclic behavior of sand, the proposed model 
requires accurate evaluation of the irreversible strain component. Therefore, in this study, 
the quasi-elastic constitutive model, named IIS model (Hong Nam, 2004), was used to 
evaluate the elastic shear strain component. Consequently, in analyzing the hollow 
cylindrical torsional shear test data, the plastic shear strain components are obtained by 
subtracting from the measured total shear strain component the elastic one.  
The presence of initial static shear stress was introduced in the model by means of a 
monotonic drained shear loading path before the undrained one. 
 The two-phase (drained followed by undrained) monotonic loading behavior which is 
defined in terms of shear stress vs. plastic shear strain relationship (i.e., skeleton curve) 
was simulated by employing the GHE model proposed by Tatsuoka and Shibuya (1991). 
Based on the experimentally obtained skeleton curves, the undrained cyclic shear loading 
behavior was modeled by using the extended Masing’s rules whilst considering: (a) 
rearrangement of particles during cyclic loading (drag effect), (Tatsuoka et al., 2003; 
Hong Nam, 2004); (b) damage of plastic shear modulus at large level of shear stress (De 
Silva, 2008) and (c) hardening of the material during cyclic loading (De Silva, 2008).  
In addition, in modeling the undrained cyclic shear behavior it was assumed that the 
total volumetric strain increment during the undrained loading, which consists of 
dilatancy and consolidation/swelling components, is equal to zero. An empirical 
four-phase stress-dilatancy relationship which varies with the amount of damage to the 
plastic shear modulus of the material (De Silva, 2008) was employed in order to model 
the accumulation of volumetric strain increment due to dilatancy and the generation of 
pore water pressure during the undrained cyclic torsional shear loading.  
A modified OC boundary surface was proposed to introduce the combined effects of 
over-consolidation and initial static shear stress into the model. 
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Applicability of the proposed model was verified by simulating the experimental results 
that were conducted in order to study the effect of initial static shear stress on the 
undrained cyclic behavior of saturated Toyoura sand. The following satisfactory 
simulation results were obtained: 
 
(i) The proposed model could simulate the behavior of loose saturated sand subjected to 
undrained torsional shear loading, under general conditions of stress reversal, 
intermediate and non-reversal loadings by varying the initial static shear and the 
amplitude of the subsequent cyclic shear stresses (i.e., varying the degree of reversal 
stress).  
 
(ii) The liquefaction behavior of sand, described in terms of effective stress path, can be 
qualitatively modeled until the specimen enters into a full liquefaction state (p’=0), as 
well as during the cyclic mobility process. The stress-strain relationship revealed that the 
development of large deformation up to shear strain of 8% can be qualitatively modeled 
as well.  
 
(iii) The simulation results of both monotonic and cyclic undrained behavior could be 
employed to evaluate the failure behavior of sand. Therefore, cyclic liquefaction (LQ), 
rapid flow liquefaction (RF) and residual deformation (RD) failures were simulated. As 
well, by conducting additional numerical simulations, the behavior called as 
no-liquefaction and no-failure (NN), in which either liquefaction or failure did not take 
place even after applying several tens of cycles, could be defined. 
 
(iv) The simulations confirmed that three types of mode of development of residual 
deformation can be observed according to the above types of failure behavior of sand. 
  
(v) It was confirmed also that even though the amount of non-reversal stress is only 1 kPa, 
liquefaction did not take place; as a consequence, liquefaction behavior observed in 
laboratory for Test 6 (16-17) can be associated with technical limitations in conducting  
accurate correction for membrane force and /or accurate stress control.  
 
(vi) The resistance against strain accumulation can either increase or decrease depending 
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on the level of initial static shear and the amplitude of cyclic shear stress (i.e., extent of 
reversal stress). Much more stress conditions than the ones performed in the laboratory 
were simulated in order to define strain accumulation resistance curves with more details. 
A two-phase change in strain accumulation behavior was observed; it was associated with 
a two-phase change in the failure behavior from LQ to RF and from RF to RD.  
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6.1 Introduction 
 
Soils that are susceptible to liquefaction consist substantially of saturated uniform grain 
size distributions deposited in loose states. However, the fact that a soil is susceptible to 
liquefaction does not guarantee that liquefaction will be actually initiated during an 
earthquake event. 
It is also recognized that the stress conditions (confining pressure, cyclic shear and 
initial static shear stresses) play an important role in the liquefaction behavior of soil, the 
type of failure mechanism and the mode of development of soil deformation, especially in 
the case of slopes of sandy deposits. 
Many studies on the liquefaction of sand, including the current one, show that under 
non-reversal stress conditions saturated loose sand most likely will not experience 
liquefaction. However, this does not mean that sand is very resistant against seismic 
loading; in fact, a significant magnitude of combined static and cyclic shear stresses may 
cause failure of soil even though liquefaction does not take place. 
 For these reasons, it is definitely important not only to have a clear understanding of 
the liquefaction mechanisms, but also to carry out in depth investigation on the effects of 
static shear on the failure modes of saturated sandy soil during undrained shearing.  
 
In view of the above, in this chapter, a method to assess the failure behavior of sand 
specimens with initial static shear under undrained cyclic torsional shear loading is 
presented. Its applicability is investigated on a wide range of combinations of static and 
cyclic shear stresses on very loose, loose and dense sand by referring to: (i) the results of 
undrained cyclic torsional shear tests; and (ii) a number of single-element numerical 
simulations by employing the elasto-plastic constitutive model described in chapter 5. 
Finally, on the basis of field data investigations from case histories of 
liquefaction-induced failure of sandy slopes during past earthquakes, the proposed 
method is used directly to compare the sand failure characteristics observed in the 
laboratory with the failure of slopes on site.  
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6.2  The four-zone CSR/MPSR vs. SSR/MPSR method  
 
6.2.1 Failure behavior of sand in undrained torsional shear tests 
 
In this study, based on the difference in the effective stress paths and the modes of 
development of shear strain during both monotonic and cyclic undrained torsional shear 































In addition, by numerical simulations, the case in which either failure or liquefaction did 
not take place even after applying several tens of cycles could be defined. This additional 
case was called No Liquefaction -No Failure (NN), as described in section 5.5.2. 
 
To describe the liquefaction or cyclic strain accumulation behavior of sand during cyclic 
loading, two parameters referred to as cyclic stress ratio (CSR) and static stress ratio 
(SSR) were employed in this study:  
where 
- τcyclic = cyclic shear stress; 
- τstatic = static shear stress; 






=  (6.1) 
 
0'p
SSR staticτ=  (6.2) 
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Both the experimental observations and simulation results show that the liquefaction or 
strain accumulation resistances can either increase or decrease depending on the level of 
initial static shear and the amplitude of the cyclic shear stress (i.e., degree of reversal 
stress R*). However, as described in section 4.4 and section 5.5.4, R* is not a sufficient 
single parameter to describe the two-phase change in the cyclic strain accumulation 
behavior; on the contrary, the failure behavior can be effectively used to describe the 
two-phase strain accumulation resistance behavior. 
 
6.2.2 Static and cyclic stress conditions  
 
With the aim of gaining a better understanding of the failure mechanisms of saturated 
sand, the failure behaviors observed in the laboratory or obtained by numerical 
simulations were analyzed in terms of CSR-SSR relationship. In Fig. 6.1, all the LQ, RF 
and RD failure behaviors obtained by numerical simulation as listed in Table 5.1 are 
depicted; in addition, the NN behavior for Test S15-10 presented in Fig. 5.43 is also 
plotted. It can be seen that, for each of the four types of failure behavior, a specific region 
can be distinguished. This suggests that each failure behavior can be developed only 
under specific stress conditions.  
 
In order to define the stress conditions required to produce each type of failure behavior, 
the following two boundary conditions were taken into consideration: 
where MPSR0 is the reference monotonic undrained peak stress ratio defined as follows: 
τpeak,0 = the reference undrained peak strength referred to for the case at which τstatic = 0 
kPa (i.e., no static shear). 
 
The boundary condition expressed by Eq. (6.3) is the stress reversal line. As shown in Fig. 
6.2, the stress conditions that are necessary to obtain RD or NN failure behaviors, 
typically observed for the specimens subjected to non-reversal stress loading ( 0* <R ), 
 CSRSSR =  (6.3) 







=  (6.5) 
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are located above this line; on the other hand, the stress conditions that are necessary to 
obtain LQ or RF failure behaviors, typically observed for the specimens subjected to 
reversal stress loading )0*( >R , can be found below this line. In addition, the stress 
conditions that are necessary to obtain the RF failure of the specimens subjected to 
intermediate stress loading )0*( =R are situated on this line itself.  
 The stress reversal line is also the boundary between liquefaction and no-liquefaction 
failure behavior; in fact, the test results and their simulation show that in order for 
liquefaction to take place the reversal of stress is necessary. 
 
The boundary condition expressed by Eq. (6.4) is the line which defines the reference 
undrained peak strength (τpeak ,0) during the monotonic loading for the test with τstatic = 0 
kPa (e.g., τpeak ,0 = 26.8 kPa obtained by simulation for Dr = 46 %, p’0 =100 kPa and τstatic 
= 0 kPa).   
 As shown in Fig. 6.3, the stress conditions that are necessary to obtain RF or RD 
failure behaviors, which were observed in the tests where the maximum stress (τmax 
= τcyclic + τstatic) was higher than the peak strength (τmax > τpeak ,0 ), can be found above the 
undrained peak strength line. On the other hand, the stress conditions necessary to obtain 
NN or LQ failure behaviors, which were observed in the tests where the maximum stress 
(τmax = τcyclic + τstatic) was lower than the peak strength (τmax < τpeak ,0 ), can be found below 
the undrained peak strength line. 
 
Using both of the boundary conditions mentioned above, the four-zone CRS-SSR 
relationship shown in Fig. 6.4 could be defined.  
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Fig. 6.1: Failure characteristics of sand expressed in terms of CSR-SSR relationship 
 
 























































Fig. 6.2: Failure characteristics with respect to the reversal stress line 
and definition of liquefaction and no-liquefaction regions 
 








































Fig. 6.3: Failure characteristics with respect to the monotonic undrained peak strength line 
 
 







































Fig. 6.4: The four-zone CSR-SSR method to predict/evaluate the failure  
characteristics of sand in undrained cyclic torsional shear tests 
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6.2.3. Effects of the relative density on the failure characteristics 
 
In this study, the degree of reversal stress (R*) and the undrained peak strength (τpeak) 
have been recognized as the key parameters to evaluate the failure behavior of sand.  
 
The degree of reversal stress (R*) only depends on τcyclic and τstatic; in other words, it is 
independent from the initial effective confining pressure (p’0) and the soil properties such 
as the relative density of the specimen (Dr).  
On the contrary, τpeak,0 takes into account the strength of soil which depends on the 
soil properties (e.g., relative density, over-consolidation ratio, degree of saturation, fines 
content, etc) and the initial stress conditions (τstatic and p’0).  
 
Numerical simulation has the great advantage in that all the above mentioned conditions 
can be perfectly controlled, therefore τpeak,0 can be referred to as a constant value for 
given initial stress conditions and specimen density.  
In contrast, it is very difficult if not impossible, to reproduce the same initial stress 
conditions and density of sand for different laboratory tests; as results, even a slight 
change in the test conditions produces a change in τpeak,0 value.  
 
If the density of the specimens changes significantly (e.g., very loose, loose or dense), the 
failure behavior of sand with different densities can be assessed only by using different 
formats of the proposed four-zone CSR-SSR relationship, as typically shown in Fig. 6.5, 
Fig. 6.6 and Fig. 6.7. 
Fig. 6.5 shows the comparison between the failure behaviors of very loose Toyoura 
sand specimens, which were performed by Kiyota (2007), and the prediction by the 
four-zone CSR-SSR relationship. 
In Fig. 6.6, the comparison between the failure behaviors observed in this study for 
loose Toyoura sand specimens, and the prediction by the four-zone CSR-SSR relationship 
are illustrated. 
In Fig. 6.7, the comparison between the failure behaviors of dense Toyoura sand 
specimens, which were performed by De Silva (2008), and the prediction by the 
four-zone CSR-SSR relationship can be seen.  
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The predictions obtained using the four-zone CSR-SSR method are consistent with 
the experimental data in all the cases. Therefore, the four-zone CSR-SSR relationship can 
be used to predict/evaluate individually the failure behavior of very loose, loose or dense 
sands; however, the failure behavior of the specimens with different degrees of relative 
density cannot be compared in a unique framework, since the undrained peak strength 
line changes with the relative density of the specimens. 
 
In view of the above considerations and with the purpose of defining a unique framework 
for analyzing the failure behavior of sands irrespective of the relative density of 
specimens and other soil properties, the SSR and the CSR were normalized with respect to 
the MPSR0 as follows: 
As a consequence, the two boundary conditions, defined in Eq. (6.3) and Eq. (6.4), were 
redefined as follows: 
 
To confirm the applicability of this method, in Fig. 6.8 the failure behavior observed for 
very loose, loose and dense specimens (as listed in Table 6.1) are compared with respect 
to the four-zone CSR/MPSR0 vs. SSR/MPSR0 relationship. It can be seen that the proposed 
method can be effectively used to evaluate/predict the failure characteristics of specimens 
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Very loose Toyoura sand specimens (Kiyota, 2007) 
HcToy-6 25.4 17 0 (22)* 0.170 0.000 0.220 LQ 7.5 
HcToy-7 26.6 27 0 22 0.270 0.000 0.220 RF 0.5 
HcToy-8 26.6 11 0 (22)* 0.110 0.000 0.220 LQ 68.5 
HcToy-11 26.7 25 0 22 0.250 0.000 0.220 RF 0.5 
Dense Toyoura sand specimens (De Silva, 2008) 
Sat 28 74.6 30 0 (43)* 0.300 0.000 0.430 LQ 10 
Sat 31 79.4 40 0 (43)* 0.400 0.000 0.430 LQ 9 
Sat 32 75.2 60 0 43 0.600 0.000 0.430 RF 4 
Sat 38 75.7 22 0 (43)* 0.220 0.000 0.430 LQ 60 
(--)* It is assumed to be the same as the tests in which a clear τpeak could be observed. 
 








































 Cyclic stress ratio, CSR= τcyclic/p'0
Very Loose
Experiments by Kiyota (2007)
τpeak,0 = 22 kPa








Fig. 6.5: Failure characteristics of very loose specimens evaluated by the CSR-SSR method  
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Experiments by De Silva (2008)
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Fig. 6.7: Failure characteristics of dense specimens evaluated by the CSR-SSR method  
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 CSR / MPSR0 = (τcyclic/p'0) / (τpeak,0/p'0)  
 
Fig. 6.8: Failure characteristics of very loose, loose and dense specimens  
evaluated by the CSR/MPSR0 vs. SSR/MPSR0 method  
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6.2.4 Effects of the initial static shear on the undrained peak strength 
 
The presence of initial static shear widely affects the monotonic undrained behavior of 
sand as well as the cyclic undrained behavior (e.g., liquefaction resistance, mode of 
development of residual deformation, failure behavior, etc). 
  
In Fig. 6.9 simulation results are compared with the predictions of the four-zone 
CSR/MPSR0 vs. SSR/MPSR0 method. It can be seen that due to the effects of the initial 
static shear on the undrained peak strength, the predictions are not consistent with the 
failure behavior observed by simulation, as evidenced by the dotted circles. However, it 
was observed that considering the actual value of τpeak (blue line) which was obtained by 
simulation, the predictions become consistent with the simulation data. 
 
In view of the above and with the aim of defining a unique framework for analyzing the 
failure behavior of sands irrespective of the relative density of the specimens, other soil 
properties and the effects of initial static shear, the SSR and the CSR were normalized 
with respect to the actual MPSR (=τpeak / p’0) as follows: 
As a consequence, the two boundary conditions defined in Eq. (6.8) and Eq. (6.9) were 
redefined as follows: 
 
In order to confirm the validity of the four-zone CSR/MPSR vs. SSR/MPSR method, the 
same simulation results used in Fig. 6.9 are plotted in Fig. 6.10. These simulation results 







































SSR  (6.14) 
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evaluate/predict the failure characteristics of the specimens irrespective of the effects of 
initial static shear.  
 
Table 6.2: Simulation results used to confirm the validity of the boundary conditions of the 


















































































S 26-00 46 26 0 26.8 0.260 0.000 0.268 0.970 0.000 0.970 LQ 
S 18-08 46 18 8 26.9 0.180 0.080 0.269 0.669 0.297 0.966 LQ 
S 19-07 46 19 7 26.9 0.190 0.070 0.269 0.706 0.260 0.966 LQ 
S 12-12 46 12 12 27.1 0.120 0.120 0.271 0.443 0.443 0.886 LQ 
S 16-15 46 16 15 27.6 0.160 0.150 0.276 0.580 0.543 1.123 RF 
S 16-16 46 16 16 27.7 0.160 0.160 0.277 0.577 0.577 1.154 RF 
S 24-24 46 24 24 29.7 0.240 0.240 0.297 0.808 0.808 1.616 RF 
S 23-23 46 23 23 29.4 0.230 0.230 0.294 0.782 0.782 1.564 RF 
S 26-01 46 26 1 26.8 0.260 0.010 0.268 0.970 0.037 1.007 RF 
S 27-00 46 27 0 26.8 0.270 0.000 0.268 1.007 0.000 1.007 RF 
S 19-08 46 19 8 26.9 0.190 0.080 0.269 0.706 0.297 1.003 RF 
S 11-16 46 11 16 27.7 0.110 0.160 0.277 0.397 0.577 0.974 NN 
S 06-23 46 06 23 29.4 0.060 0.230 0.294 0.204 0.782 0.986 NN 
S 05-24 46 05 24 29.8 0.050 0.240 0.298 0.168 0.805 0.973 NN 
S 12-13 46 12 13 27.2 0.120 0.130 0.272 0.441 0.478 0.919 NN 
S 16-17 46 16 17 27.9 0.160 0.170 0.279 0.573 0.609 1.182 RD 
S 12-16 46 12 16 27.7 0.120 0.160 0.277 0.433 0.578 1.011 RD 
S 06-24 46 6 24 29.7 0.060 0.240 0.297 0.202 0.808 1.010 RD 
S 23-24 46 23 24 29.7 0.230 0.240 0.297 0.774 0.808 1.582 RD 
S 11-17 46 11 17 27.9 0.110 0.170 0.279 0.394 0.609 1.003 RD 




























































Fig. 6.9 Effects of static shear on the undrained peak strength  
described in terms of CSR/MPSR0 vs. SSR/MPSR0 relationship.  
 
 












































by simulation p'0=100 kPa
 
 
Fig. 6.10 Numerical simulations confirmed the applicability  
of the CSR/MPSR vs. SSR/MPSR method 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 
  6-16 
6.2.5 Evaluation of MPSR for Toyoura sand specimens 
 
It should be noted that, among the three stress parameters (CSR, SSR and MPSR) used to 
define the proposed CSR/MPSR vs. SSR/MPSR method, the MPSR is definitely the most 
important factor which directly leads the assessment of the failure behavior of sand. 
 
MPSR could not be directly evaluate in many tests performed in this study; in fact, in the 
case of reversal loading tests the peak state was not achieved during the undrained cyclic 
loading, therefore in such a case, MPSR was evaluated by numerical simulations.  
However, in most cases, when numerical simulation results are not available, 
additional monotonic tests are required to evaluate of the MPSR. For a practical point of 
view, to perform such undrained monotonic tests is very time consuming, and in addition 
the test conditions to be controlled are many (initial static shear, initial confining pressure, 
relative density/void ratio, etc) and the repetitively of tests results is not guaranteed. 
As shown in Fig. 6.11, under the same conditions of initial effective confining 
pressure (p’0), the undrained peak strength of sand during monotonic loading increases 
with the initial static shear as well as with the relative density.  
 
In view of the above considerations, in this study an attempt was made to define a set of 
MPRS parameters for Toyoura sand, based on the experimental data and simulations 
results (Table 6.3). To address this issue, the effects of both the initial static shear and the 
void ratio/relative density on the change in MPSR were taken into account.   
 
In Fig. 6.12 the effects of the initial static shear static on the undrained peak strength for 
very loose, loose and dense specimens are examined in terms of SSR vs. MPSR 
relationships. The experimental data are compared with the simulation results. It can be 
seen that numerical simulations are consistent with the experimental observations; 
however, the deviation of data is relevant.  
 
The void ratio function f(e0) proposed by Hardin and Richart (1963) is usually employed 
for the evaluation and the comparison of small strain moduli (i.e., Young’s modulus E and 
shear modulus G) of soil specimens having different density properties. In this study, with 
the aim of evaluating the effects of void ratio on the MPSR properties of Toyoura sand, it 
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was attempted to normalize the MPSR with the void ratio function f(e0).The results of this 
analysis are shown in Fig. 6.13. It can be seen that, after the normalization the range of 
MPSR parameter values becomes smaller. In addition, the MPSR parameter values 
obtained for very loose and loose specimens become unique. This suggests that the 
normalization is applicable within certain range of void ratio. 
 
To verify the possibility of achieving the uniqueness of this curve, the power of the void 
ratio function [f(e0)]n was used, as shown in Fig. 6.14. It was found that after normalizing 
the MPSR using [f(e0)]n the MPSR values obtained by laboratory tests or by numerical 
simulations become rather unique, as a result a unique curve interpolating all the point 
could be drawn. The results of this analysis shown that in the case of saturated Toyoura 
sand, the MPSR parameter can be expressed as a function of the both the static stress ratio 
(SSR = τstatic/p’0) and the void ratio as follows: 
Where 
- f(e0)=(2.17-e0)2/(1+e0), void ratio function proposed by Hardin and Richart (1963).   
 
The typical MPRS parameter values obtained for Toyoura sand using Eq. (6.10) are listed 
in Table 6.4. 
 
 [ ]{ } 656.10 )()11403.0/exp(00324.027209.0 efSSRMPSR +=  (6.10) 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
 
  6-18 
 
 
Table 6.3: Typical MPSR parameter values obtained by experiments or numerical simulations for very 
loose, loose and dense Toyoura sand specimens 
Test SSR  e0 f(e0) MPSR Simulation SSR e0 f(e0) MPSR
HcToy-7* 0.00 0.896 0.856 0.220 M 00 L** 0.00 0.826 0.988 0.268
HcToy-11* 0.00 0.896 0.856 0.220 M 05 L** 0.05 0.826 0.988 0.268
Test 16(U1)** 0.00 0.828 0.991 0.240 M 10 L** 0.10 0.826 0.988 0.271
Test 10 (20-10)** 0.10 0.828 0.985 0.250 M 15 L** 0.15 0.826 0.988 0.276
Test 4(16-15)** 0.15 0.833 0.975 0.292 M 20 L** 0.20 0.826 0.988 0.285
Test 11(20-15)** 0.15 0.832 0.977 0.263 M 25 L** 0.25 0.826 0.988 0.301
Test 5 (16-16)** 0.16 0.825 0.991 0.271 M 30 L** 0.30 0.826 0.988 0.325
Test 6 (16-17)** 0.17 0.820 1.002 0.288 M 00 D** 0.00 0.678 1.327 0.433
Test 7 (16-20)** 0.20 0.827 0.987 0.283 M 05 D** 0.05 0.678 1.327 0.436
Test 12 (20-20)** 0.20 0.823 0.995 0.333 M 10 D** 0.10 0.678 1.327 0.439
SAT32*** 0.00 0.691 1.294 0.450 M 15 D** 0.15 0.678 1.327 0.444
     M 20 D** 0.20 0.678 1.327 0.448
     M 25 D** 0.25 0.678 1.327 0.461
     M 30 D** 0.30 0.678 1.327 0.470
* by Kiyota (2007); ** this study; and *** by De Silva (2008) 
 





Table 6.4: Typical MPSR parameter values calculated by Eq. (6.10) for very loose, loose and dense 
Toyoura sand specimens 
emax = 0.992; emin = 0.632 SSR 
Dr (%) e0 f(e0) 0.00 0.05 0.10 0.15 0.20 0.25 0.30 
20 0.920 0.814 0.196 0.197 0.199 0.202 0.207 0.214 0.226 
25 0.902 0.845 0.208 0.210 0.212 0.215 0.220 0.228 0.240 
30 0.884 0.878 0.222 0.223 0.226 0.229 0.234 0.243 0.256 
35 0.866 0.911 0.236 0.237 0.240 0.244 0.249 0.258 0.272 
40 0.848 0.946 0.251 0.253 0.255 0.259 0.265 0.275 0.289 
45 0.830 0.981 0.267 0.268 0.271 0.275 0.282 0.292 0.307 
50 0.812 1.018 0.284 0.285 0.288 0.293 0.300 0.310 0.327 
55 0.794 1.055 0.301 0.303 0.306 0.311 0.318 0.329 0.346 
60 0.776 1.094 0.319 0.322 0.325 0.330 0.337 0.349 0.368 
65 0.758 1.134 0.339 0.341 0.345 0.350 0.358 0.371 0.390 
70 0.740 1.175 0.360 0.362 0.366 0.371 0.380 0.393 0.414 
75 0.722 1.218 0.382 0.384 0.388 0.394 0.403 0.417 0.440 
80 0.704 1.261 0.404 0.407 0.411 0.417 0.427 0.442 0.466 
85 0.686 1.306 0.428 0.431 0.435 0.442 0.452 0.469 0.493 
90 0.668 1.353 0.454 0.457 0.462 0.469 0.480 0.497 0.523 
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Fig. 6.11: Combined effects of both the initial static shear  
and the void ratio/relative density on the undrained peak strength 
 
 







Very Loose sand MPSR = 0.262 + 0.180 SSR
Dense sand
MPSR = 0.220 + 0.180 SSR


















Fig. 6.12: Evaluation of MPS for Toyoura sand specimens considering the effects of initial static shear 
 
 





























MPSR/ f(e0) = 0.317+ 0.180 SSR
MPSR/ f(e0) = 0.258 + 0.180 SSR
Very loose- Loose sand
 
 
Fig. 6.13: Evaluation of MPSR for Toyoura sand specimens using the void ratio function f(e0) 
 
 



































1.656 = 0.27209+ 0.00324*exp( SSR/ 0.11403)
 
 
Fig. 6.14: Evaluation of MPSR for Toyoura sand specimens using the function[ f(e0)]1.656 
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6.2.6 Number of cycles to define the liquefaction resistance 
 
The fact that a soil is susceptible to liquefaction does not guarantee that liquefaction will 
be actually initiated during an earthquake event. In fact, it is recognized by past 
earthquake experiences that the number of cycles which characterizes an earthquake is 
less than 20-30 cycles. Therefore, liquefaction will be likely to occur only under stress 
conditions that require less than 30 cycles to achieve the full liquefaction state of p’= 0. 
 
In this study, the resistance against liquefaction during cyclic loading is expressed in 
terms of relationships between either the CSR or SSR value and the number of cycles 
required to achieve the full liquefaction state of p’= 0, as shown in Fig. 4.13.  
The tests results and numerical simulation show that in case of reversal tests in which 
the level of cyclic stress is very low, liquefaction occurs after applying even more than a 
hundred cycles. Therefore, under these stress conditions the probability that liquefaction 
takes place during an earthquake is very limited. 
 
To take the limit of liquefaction into account, an additional boundary is introduced in the 
proposed four-zone CSR/MPSR vs. SSR/MPSR method as shown in Fig. 6.15. This 
boundary, which was defined by numerical simulations in this study, establishes whether 
liquefaction is achieved or not by applying 100 cycles.   
  
In Fig. 6.16, the test results shown in Fig. 6.8 and the simulation results shown in Fig. 
6.15 are plotted all together. It can be seen that, the CSR/MPSR vs. SSR/MPSR method 
can be effectively used to assess the failure characteristics of sandy specimens subjected 
to undrained cyclic torsional shear loading irrespective of the relative density, the effects 
of initial static shear and the limit of liquefaction resistance as well.  
 















































Fig. 6.15: Boundary conditions of the CSR/MPSR vs. SSR/MPSR method 
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Fig. 6.16 Comparison of the failure characteristics of Toyoura sand specimens  
using the CSR/MPSR vs. SSR/MPSR method 
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6.2.7 Features of the four-zone CSR/MPSR vs. SSR/MPSR method  
 
The four-zone CSR/MPSR vs. SSR/MPSR method presented in this study is a unique 
framework in which the failure behavior of saturated sand subjected to undrained cyclic 
torsional loading can be assessed irrespective of the degree of relative density of the 
specimens. This method is based on the rules described in Table 6.5. 
 The initial static shear stress and the cyclic shear stress, measured in terms of 
SSR/MPSR and CSR/MPSR, respectively, are compared with the stress reversal line and 
the undrained peak strength line, as schematically show in Fig. 6.17. Therefore, in 
accordance with the failure zone that these stress conditions correspond, the type of 
failure behavior of sand can be established.  
 The effects of relative density and the initial static shear on the failure behavior of 
sand are taken into consideration by means of the parameter MPSR, as mentioned 
previously in this chapter.  
 As well, the resistance against liquefaction of the investigated sand can be taken into 
account. In this study it was set as the boundary that establishes whether the liquefaction 
is achieved or not applying 100 cycles. 
  
It should be noted that, the proposed method was used in this study to assess the failure 
behavior of sand subjected to cyclic undrained torsional shear loading, where the cyclic 
shear stress consists of a series of uniform stress cycles.  
 Its applicability to evaluate the failure behavior of sand under general loading 
conditions (e.g., cyclic triaxial loading) or under irregular stress cycles requires further 
investigations. 




Table 6.5: The four-zone CSR/MPSR vs. SSR/MPSR method 



























>   
( 0* <R , non-reversal) 
NN RD 
LQ = Cyclic liquefaction failure  
RF = Rapid flow liquefaction failure  
NN = No-liquefaction & No-failure  
RD = Residual deformation failure  
It should be noted that, the proposed method can be used to assess the failure behavior of sand 
subjected to cyclic undrained torsional shear loading, where the cyclic shear stress consists of a series 
of uniform stress cycles 
 
 





















































































in 100 cycles 
 
 
Fig. 6.17: The four-zone CSR/MPSR vs. SSR/MPSR method  
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6.3  Failure behavior of sand from field data interpretation  
 
In this study, a series of torsional shear tests has been performed in order to better 
understand the behavior of sloped ground under cyclic undrained loading conditions. 
Different failure mechanisms were observed and two methods were proposed to assess 
the failure behavior of sand in undrained torsional shear tests. 
With the aim of directly comparing the sand failure characteristics observed in the 
laboratory with the failure of slope on site, on the basis of the interpretation of field 
observations compiled by Hamada et al. (1994) as described in chapter 1, the cyclic stress 
ratio (CSR), the static stress ratio (SSR) and the relative density (Dr) of the natural levee 
of Ebigase area and Maeyama hill in Noshiro City are estimated under the considerations 
described hereafter. 
 
6.3.1  Cyclic Stress Ratio due to an earthquake 
 
To evaluate the cyclic stress ratio (CSR), it is assumed that there is a level ground surface, 
a soil column of unit width and length, and the water table is at the ground level. The soil 
column moves horizontally as a rigid body in response to the maximum horizontally 






F=τmax=γsat z (amax /g)
γsat
 
Fig. 6.18: Conditions assumed for the derivation of the cyclic stress ratio 
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====  (6.15) 
 




F = horizontal earthquake-induced inertial force acting on a unit width and length of soil 
column;  
m = total mass of soil column, which is equal to W/g;  
W = total weight of soil column;  
satγ = unit weight of saturated soil;  
z = depth below ground surface of soil column;  
amax = the maximum horizontal acceleration at ground surface caused by the earthquake 
(i.e., peak ground acceleration);  
g = gravitational acceleration; 
σv = total vertical stress at bottom of soil column.  
 
As shown in Fig. 6.18, by summing the forces in the horizontal direction the inertial force 
(F) acting on the rigid soil element is equal to the maximum shear force at the base of the 
soil element. Since the soil element is assumed to have a unit base width and length, the 




aF satv maxmaxmax γστ ===   (6.16) 
 
In performing torsional shear tests, the effective mean principal stress (p’) is the 
parameter used to evaluate the liquefaction behavior of sand or the generation of the pore 
water pressure (e.g., full liquefaction is referred to p’= 0). In general, the effective mean 





















=  (6.17) 
where  
σ'v and σ'h = vertical and horizontal effective stresses, respectively; 
K0 = coefficient of earth pressure at rest. 
γ’ = unit weight of the saturated soil immersed in water or buoyant unit weight . 
 
In accordance with the definition of CSR (= τcyclic /p’0) used in this study in analyzing the 
torsional shear test results, in the current study the CSR on site considering the torsional 
shear stress conditions was formulated as follows: 
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=  (6.18) 
 
The soil column does not act as a rigid body during the earthquake, but rather the soil is 
deformable. Seed and Idriss (1971) proposed a depth reduction factor rd to consider such 






















=  (6.19) 
 
In several design codes in Japan (e.g., RTRI, 1999; JRA, 2002) the linear relationship of 
rd versus the depth proposed by Iwasaki et al. (1978) has been adopted: 
 zrd 015.01−=                 (z in meters) (6.20) 
It should be noted that, rd is a dimensionless parameter. 
 
Seed et al. (1975) converted the typical irregular earthquake record to an equivalent series 
of uniform stress cycles by assuming the following relationship: 
 max65.0 ττ =cyclic                 (6.21) 
where τcyclic = uniform cyclic shear stress amplitude of the earthquake.  
 
By substituting Eq. (6.20) and Eq. (6.21) into Eq. (6.19), the earthquake-induced cyclic 





















==               (6.22) 


















=                 (6.23) 
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6.3.2  Static stress ratio due to gravity 
 
To evaluate the static stress ratio the simplified assumptions that are commonly used to 
describe the stability of an infinite slope are adopted. It is assumed that:  
- Soil is cohesionless and homogeneous; 
- Failure is the results of shallow translational sliding and occurs in a single layer; 
- The failure plane and the water table are parallel to the ground surface; 
- The failure plane is of infinite length.  
 
It is assumed that there is a sloped ground surface, a soil column of unit width and length, 
and the water table is located in-between the ground surface and the examined failure 
surface (Fig. 6.19).  
 
By referring to the equilibrium of forces on a plane parallel to the slope at the bottom of 
soil column, the driving force T and total normal force N can be evaluated as: 
 ( )[ ] βγγβ sin1sin zmmWT sat+−==                 (6.24) 
 ( )[ ] βγγβ cos1cos zmmWN sat+−==  (6.25) 
where 
W = total weight of saturated soil; 
T = slope parallel component of gravity; 
N = total normal component of gravity; 
β = gradient of slope; 




















Fig. 6.19: Infinite slope conditions assumed for the derivation of the static stress ratio 
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satγ = unit weight of saturated soil;  
γ = unit weight of dry or partially saturated soil. 
 
The pore water pressure (U) at the bottom of soil column can be evaluated as follows: 
Subsequently, in accordance to the well known principle of effective stress/force, the 
effective normal force N’ can be defined as:  
 
( )[ ]









where, γ’ = unit weight of the saturated soil immersed in water (= γsat  - γw) . 
 
Considering that gravity component forces act on a surface having an area A=1/cosβ, the 
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τstatic = initial driving static shear stress; and  
σ’ = effective normal stress at bottom of soil column. 
 
Moreover, by referring to Eq. (6.17), the effective mean principal stress (p’) acting on a 
soil element of sloped ground can be evaluated as follows: 


















 +=  (6.30) 
 βγγ coszmzU www ==  (6.26) 
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Therefore, in this study, based on the above simplified assumptions on which generally 
infinite slope method relies, and considering the torsional shear conditions, the static 
























==  (6.31) 
 
It is recognized that due to the suction effects, the dry or partially saturated soil above the 
water table is often completely wet, therefore it can be assumed that γ  = γsat. Under this 



















































Finally, being γ ' / γsat  ≈ 0.5, the following expression for SSR on site is obtained 




β  (6.33) 
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6.3.3 Relative density from the SPT data and undrained peak strength ratio 
 
Terzaghi and Peck (1967) and Lambe and Whitman (1969) proposed correlations 
between SPT N value and relative density of clean sand which are summarized in Table 
6.6; whereas, the correlations by Seed (1987) between SPT (N1)60 value (i.e., SPT N 
corrected from the effect of overburden pressure) and relative density of clean sand are 
listed in Table 6.7. 
Idriss and Boulanger (2003) re-evaluated correlations between SPT (N1)60 value and 
relative density (Dr) for the purpose of liquefaction evaluations, and recommended the 
following expressions for clean sands: 
 
46
)( 601NDr =  (6.34) 
In general the resistance to liquefaction of a soil increases with the (N1)60 from the SPT. 
Based on the SPT and field performance data, Seed et al. (1985) concluded that there are 
three approximate potential damage ranges that can be identified, see Table 6.8. 
As indicated in Table 6.7 and Table 6.8, sand with (N1)60 value below 20 is in a loose 
state; therefore it may be extensively damaged by liquefaction. On the other hand, sand 
with (N1)60 value over 30 is either a dense or very dense state; hence, liquefaction does not 
produce large deformations because of the dilatation tendency of the sand upon reversal 
of the cyclic shear stress. This is the reason why dense to very dense soils suffer no 
significant damage, as described in Table 6.8. 
 
After estimating the relative density on site from the interpretation of field data, in the 
current study, the undrained peak strength ratio (MPSR) was evaluated by using Eq. 
(6.10) or referring to the value listed in Table 6.4, by assuming that the in-situ soil 
properties are similar to those used in this study (i.e., Toyoura sand). 
 




Table 6.6: Correlation between SPT N value and density of clean sand (Terzaghi and Peck, 1967; 
Lambe and Whitman, 1969) 
N Sand density Relative density, Dr (%) 
0-4 Very loose condition  0-15 
4-10 Loose condition 15-35 
10-30 Medium condition 35-65 
30-50 Dense condition 65-85 
Over 50 Very dense condition 85-100 
 
 
Table 6.7: Correlation between SPT (N1)60 value and density of sand (Seed, 1987) 
(N1)60 Sand density Relative density, Dr (%) 
0-2 Very loose condition  0-15 
2-5 Loose condition 15-35 
5-20 Medium condition 35-65 
20-35 Dense condition 65-85 
Over 35 Very dense condition 85-100 
(N1)60 = SPT N value corrected from the effect of overburden pressure, σ’v0 (in kPa) 
(N1)60= (100/σ’v0)0.5 N60, and  N60= 1.67 Em Cb Cr N 
 
 
Table 6.8: Potential liquefaction damage based on SPT data (Seed et al., 1985) 
(N1)60 Potential damage 
0-20 High 
20-30 Intermediate 
>30 No significant damage 
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6.3.4 Coefficient of earth pressure at rest (K0) 
 
The coefficient of earth pressure at rest is the ratio of the lateral to the vertical effective 
stresses in a soil consolidated under the condition of no lateral deformation, the stresses 
being principal stresses with no shear stress applied to the planes on which these stresses 
act” (Bishop,1958) 
where  
σ h' = horizontal principal effective stress; and  
σ v' = vertical principal effective stress. 
 
The relationship between the coefficient of lateral earth pressure at rest (K0) and the 
internal friction angle (φ’), proposed by Jaky (1944), is the most widely-used formula to 
estimate at-rest pressure in geotechnical engineering practice: 
  'sin10 φ−=K  (6.36) 
For course soils, empirical correlation between the internal friction angle (φ') and the 
relative density Dr were proposed by Schmertmann (1978): 
The same relationships are shown in Fig. 6.20 (refer to Table. 6.9. for the classification of 
course soil). 
 
In this study, after estimating the relative density on site (Dr) from the interpretation of 
field data, with aim to evaluate the K0 by means the Jaky’s formula, the internal friction 
angle (φ') was evaluated as the average of the ones obtained using Eq.(6.37) and Eq. 
(6.38) for fine and medium sands respectively, assuming that the in-situ soil properties 








=  (6.35) 
  φ’ = 28 + 0.14 Dr (Fine sand)  (6.37) 
 φ’ = 31.5 + 0.115 Dr (Medium sand) (6.38) 
 φ’ = 34.5 + 0.10 Dr (Course sand) (6.39) 
 φ’ = 38 + 0.08 Dr (Gravel) (6.40) 









 Ghiaia uniforme: uniform gravel 
 Ghiaia-sabbia-limo ben assortiti: well 
graded gravel, sand and silt  
 Sabbia grossa uniforme: uniform course 
sand 
 Sabbia media ben assortita: well graded 
medium sand 
 Sabbia media uniforme: uniform medium 
sand 
 Sabbia fine ben assortita: well graded fine 
sand 
 Sabbia media uniforme: uniform fine 
sand 
 
Fig. 6.20: Correlation between the internal friction angle (φ’) and the relative density (Dr) 










Table 6.9: British Soil Classification System for course soil 
course 20-60 mm 
medium 6-20 mm 
Gravel 
fine 2- 6mm 
course 0.6-2.0 mm 
medium 0.2-0.6 mm 
Course soils  
Sand 
fine 0.06-0.2 mm 
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6.3.5 Stress conditions and soil densities from field data interpretation 
 
Typical results from the interpretation of the field data reported by Hamada et al. (1994) 
are listed in Table 6.10 and Table 6.11, where the stress conditions and the relative 
density of soil of the slopes of the natural levee at Ebigase in Niigata City (1964 Niigata 
earthquake) and Maeyama hill in Noshiro City (1983 Nihonkai-Chubu earthquake), 
respectively, are estimated. In Fig. 6.21 and Fig. 6.22, the points selected for the analysis 
of the stress conditions and the relative density of soil on site are indicated.  
 
As shown in Fig. 6.21: 
- E1-1 and E2-1 are two points at the top of liquefied layer; it should be noted that, also 
the water table level is at the same location; 
- E1-2 and E2-2 are two points at the bottom of liquefied layer;  
- E1-3 and E1-3 are two points at the bottom of sand layer which was not interested by 
liquefaction during the 1964 Niigata earthquake, as reported by Hamada et al. (1994).  
 
As shown in Fig. 6.22: 
- N1-1 is a point at the top of sand dune where the water table is located; 
- N1-2 is a point in-between a liquefied sandy layer;  










































E1-1 2.1 0.0 0.16 2 10 35 0.460 0.315 0.031 0.237 1.329 0.132
E1-2 8.2 6.1 0.16 2 10 35 0.460 0.285 0.050 0.237 1.203 0.210
E1-3 9.4 7.3 0.16 2 30 65 0.405 0.296 0.054 0.341 0.869 0.159
E2-1 2.0 0.0 0.16 1 10 35 0.460 0.315 0.016 0.236 1.336 0.066
E2-2 5.2 3.2 0.16 1 20 50 0.432 0.309 0.023 0.284 1.087 0.082
E2-3 9.1 7.1 0.16 1 35 70 0.396 0.301 0.027 0.361 0.833 0.076
*    Evaluated graphically using Fig. 6.21  
**   From Hamada et al., (1994)  
***  Evaluated using Eq. (6.10) or by referring to the Table 6.4 
 
 


































N1-1 0.6 0.0 0.25 2.5 5 25 0.478 0.494 0.038 0.209 2.362 0.183
N1-2 5.2 4.6 0.25 2.5 10 35 0.460 0.468 0.070 0.238 1.968 0.294
N1-3 8.8 8.2 0.25 2.5 20 50 0.432 0.454 0.075 0.286 1.588 0.263
N1-4 11.2 10.6 0.25 2.5 20 50 0.432 0.435 0.076 0.286 1.522 0.267
*    Evaluated graphically using Fig. 6.22 
**   From Hamada et al., (1994)  
***  Evaluated using Eq. (6.10) or by referring to the Table 6.4 
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(Ts) surface dune sand; (As) alluvial sandy soil; (Ac) alluvial clayey soil 
 
Fig. 6.21: Soil conditions and estimated liquefied layer along section A-A’ at Ebigase area  
in Niigata City as reported by Hamada et al. (1994). In this study the stress conditions  
and soil density at points E1through E6 were evaluated. 
 
 
(Ts) surface soil; (Asd) dune sand; (As) alluvial sandy soil; (Ac) alluvial clayey soil 
 
Fig. 6.22: Soil conditions and estimated liquefied layers along section B-B’  
in Noshiro City (Hamada et al., 1994). In this study the stress conditions  
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6.4 Evaluation of failure behavior of natural slopes using the CSR/MPSR-SSR/MPSR method  
 
In order to directly compare the liquefaction-induced failure behavior of natural slopes of 
sandy deposits observed during past earthquakes with the failure behavior of saturated 
Toyoura sand specimens subjected to undrained cyclic torsional shear loading observed in 
laboratory, in the current study an attempt to analyze the field data considering the 
torsional shear conditions was made.  
 
The comparison between the prediction by the CSR/MPSR-SSR/MPSR method and the 
failure behavior of natural slopes observed on site are presented in Fig.6.23 and Fig. 6.24. 
 In Fig. 6.23, the case of the slopes at Ebigase area is analyzed. It can be seen that, 
for the points E1-1, E1-2, E2-1 and E2-2 at the top and bottom of the liquefied layer, the 
method confirm that liquefaction took place due to the RF failure behavior of sand. On 
the contrary, for the points E1-3 and E2-3 at the bottom of sandy layer which did not 
experience liquefaction, as reported by Hamada et al. (1994), the method predicts LQ 
failure behavior for the point E1-3 and RF failure for the point E2-3. However, it should 
be noted that, LQ failure means that the soil experiences liquefaction only if the number 
of cycles of the earthquake is large enough to achieve liquefaction.  
 In Fig. 6.24, the case of the slopes in Noshiro City is analyzed. In this case due to 
the relatively large ground acceleration (i.e., amax = 0.25g) for all the investigated points 
the method predicts RF failure behavior.  
  
The results of this analysis show that the predictions are consistent with field observation; 
in addition, prediction results confirm that the greater the relative density of soil and the 
depth below the ground surface the higher is the liquefaction resistance of soil on site. 
Therefore, the proposed CSR/MPSR – SSR/MPSR method can be used to compare 
the liquefaction-induced failure behavior of natural slopes of sandy deposits observed 
during past earthquakes with the failure behavior of saturated Toyoura sand specimens 
subjected to undrained cyclic torsional shear loading observed in laboratory. 
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Fig. 6.23: Liquefaction characteristics of the gentle slopes of a natural levee at Ebigase area during the 
1964 Niigata earthquake evaluated using the proposed CSR/MPSR vs. SSR/MPSR method  
 
 










































Fig. 6.24: Liquefaction behavior of the gentle slopes of Maeyama hill in Noshiro City during the 1983 
Nihonkai-Chubu earthquake evaluated using the proposed CSR/MPSR vs. SSR/MPSR method  
 
CHAPTER 6 – A method for assessing the failure behavior of sand with initial static shear
 
 6-41
6.5   Summary 
 
With the aim of gaining a better understanding of the failure mechanisms of saturated 
sand, a method to assess the failure behavior of sand specimens with initial static shear 
under undrained cyclic torsional shear loading is presented. 
  
This method called the “four-zone CSR/MPSR vs. SSR/MPSR method” presented in this 
study is a unique framework in which the failure behavior of saturated sand subjected to 
undrained cyclic torsional loading can be assessed irrespective of the degree of relative 
density of the specimens. 
 The initial static shear stress and the cyclic shear stress, measured in terms of 
SSR/MPSR and CSR/MPSR, respectively, are compared with the stress reversal line and 
the undrained peak strength line. Therefore, in accordance with the failure zone that these 
stress conditions correspond, the type of failure behavior of sand can be established.  
 The effects of relative density and the initial static shear on the failure behavior of 
sand are taken into consideration by means of the parameter MPSR. 
 As well, the resistance against liquefaction of the investigated sand is taken into 
account using a boundary that establishes whether the liquefaction is achieved or not after 
applying 100 cycles. 
   
Its applicability has been investigated on a wide range of combinations of static and 
cyclic shear stresses on very loose, loose and dense sand by referring to: (i) the results of 
undrained cyclic torsional shear tests; and (ii) a number of single-element numerical 
simulations by employing the elasto-plastic constitutive model described in chapter 5. 
 
On the basis of field data investigations from case histories of liquefaction-induced failure 
of sandy slopes during past earthquakes, the proposed method was used directly to 
compare the sand failure characteristics observed in the laboratory with the failure of 
slope on site. 
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With the intention of investigating the effects of initial shear stress on the large 
deformation properties of loose sand with initial static shear, a series of undrained cyclic 
torsional shear tests were performed on saturated loose Toyoura sand specimens up to 
single amplitude of shear strain of about 50 % under various combinations of static and 
subsequent cyclic shear stresses.  
From the study of failure mechanisms, based on the difference in the effective stress 
path and the modes of development of shear strain during both monotonic and cyclic 
undrained torsional shear loading, the observed types of failure could be distinguished 
into three types: cyclic liquefaction (LQ), rapid flow liquefaction (RF) and residual 
deformation (RD) failures. 
It was found that the failure behavior is a consequence of the degree of reversal 
loading. In fact, in case of stress reversal and intermediate loadings, failure could be 
associated with full liquefaction, followed by extremely large deformation in the 
post-liquefaction process (i.e., LQ and RF failure behaviors). On the other hand, in the 
case of non-reversal loading, the residual deformation brought the specimen to failure 
(i.e., formation of spiral shear band) although liquefaction did not occur.  
The test results showed that the presence of initial static shear does not always lead to 
an increase in the resistance to liquefaction and strain accumulation; in fact, both can 
either increase or decrease by increasing the static shear depending on the extent of stress 
reversal and the failure behavior. However, in this study it was found that the two-phase 
change in liquefaction resistance (i.e., strictly speaking resistance against strain 
accumulation) can be associated with a two-phase change in the failure behavior from LQ 
to RF and from RF to RD. 
 The mode of development of residual deformation exceeding 50% was also 
investigated. It was found that large deformation could be developed in different ways 
according with the type of failure that sand experienced. 
  
Numerical simulations 
With the aim of simulating the behavior of saturated sand with initial static shear 
undergoing undrained cyclic loading which leads to liquefaction and large cyclic shear 
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strain development, an elasto-plastic constitutive model which can describe both 
monotonic and cyclic torsional shear behaviors of saturated sand with initial static shear 
under drained or undrained condition was presented in this study.  
The proposed model could simulate the behavior of loose saturated sand subjected to 
undrained torsional shear loading, under general conditions of stress reversal, 
intermediate and non-reversal loadings by varying the initial static shear and the 
amplitude of the subsequent cyclic shear stresses (i.e., varying the degree of reversal 
stress).  
The liquefaction behavior of sand, described in terms of effective stress path, could 
be qualitatively modeled until the specimen enters into a full liquefaction state (p’=0), as 
well as during the cyclic mobility process. The stress-strain relationship could be 
qualitatively simulated up to a strain level of 8% until the specimens enter into a steady 
state. 
The simulation results of both monotonic and cyclic undrained behavior could be 
employed to evaluate the failure behavior of sand. Therefore, cyclic liquefaction (LQ), 
rapid flow liquefaction (RF) and residual deformation (RD) failures were simulated. As 
well, by conducting additional numerical simulations, the behavior called as 
no-liquefaction and no-failure (NN), in which either liquefaction or failure did not take 
place even after applying several tens of cycles, could be defined. 
 Simulation results confirmed that the resistance against strain accumulation can 
either increase or decrease depending on the extent of reversal stress and the type of 
failure; in addition, it was confirmed by numerical simulations that the mode of 
development of residual deformation depends on the type of failure of sand. 
  
Method to assess the failure behavior of sand 
With the scope of gaining a better understanding of the failure mechanisms of saturated 
sand, a method used to assess the failure behavior of sand specimens with initial static 
shear under undrained cyclic torsional shear loading was presented. 
The proposed method is defined by means of three parameters namely: (i) static stress 
ratio SSR=τstatic / p0’, (ii) cyclic stress ratio CSR =τcyclic / p0’, and (iii) undrained 
monotonic peak stress ratio MPSR =τpeak / p0’; where: τstatic = the initial static shear stress; 
τcyclic = the single amplitude cyclic shear stress; τpeak = the shear stress at peak state during 
the undrained monotonic loading ; and p0’ = the initial effective confining pressure. The 
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SSR corresponds to the driving shear force induced by the inclination of slopes; the CSR 
represents the inertial force exerted by earthquakes; while the MPSR takes into account 
the strength of soil which depends on the soil properties (e.g., relative density, etc) and 
the stress conditions.  
 By this method, called the “Four-zone CSR/MPSR vs. SSR/MPSR method”, the initial 
static shear stress and the cyclic shear stress, measured in terms of SSR/MPSR and 
CSR/MPSR, respectively, were compared with the stress reversal line (i.e., SSR/MPSR = 
CSR/MPSR) and the undrained peak strength line (i.e., SSR/MPSR + CSR/MPSR =1). In 
accordance with the failure zone that these stress conditions correspond, the type of 
failure behavior of sand (i.e., LQ, RF, RD or NN) could be established.  
 Its applicability was investigated on a wide range of combinations of static and cyclic 
shear stresses on very loose, loose and dense sand by referring to: (i) the results of 
undrained cyclic torsional shear tests; and (ii) a number of single-element numerical 
simulations by employing the elasto-plastic constitutive model presented in this study. 
On the basis of field data investigations from case histories of liquefaction-induced 
failure of sandy slopes during past earthquakes, the proposed method was used to 
compare the sand failure characteristics observed in the laboratory with the failure of 
slopes on site. 
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7.2 Recommendations for future study 
 
With the reference to the results of the present study, the following recommendations for 
future research can be identified. 
 
Recommended experimental investigations related to the present study 
1)  In the current study, only loose Toyoura sand specimens were tested. Therefore, in 
order to have a comprehensive understanding of the effects of initial static shear on 
the undrained cyclic torsional behavior of sand, it is recommended that the behavior 
of very loose as well as dense specimens under the same stress conditions as that 
used in this study for loose sand be investigated. 
2)   Further investigations are required to confirm experimentally the NN behavior of 
sand which in this study was carried out by performing numerical simulations.  
3)  The effects of over-consolidations, degree of saturations and fines content on the 
failure behavior of sand need to be studied also.  
4) The effects of the drained creep loading were not considered in this study. However, 
this issue needs to be addressed since it may have relevant effects on the rapid flow 
failure of soil. 
 
Recommended modifications to the proposed elasto-plastic model 
1) In the actual case, in-situ soils are frequently subjected to cyclic loading histories, 
which might include previous liquefaction as well. Therefore, further investigations 
on the effects of such cyclic loading histories under drained and undrained conditions 
on liquefaction properties of soil and apply the proposed model to simulate such 
cases is recommended. In order to model such a case, the proposed model only needs 
the stress-strain relationship of a drained monotonic torsional shear test, which was 
subjected to the same stress history as the one to be modeled. 
2) The current model is capable of simulating the stress paths and stress-strain 
relationships up to the peak stress level of the material, while it was observed in this 
study that the soil will undergo strain softening behavior at extremely large shear 
strain amplitudes. Therefore, it is required to extend the proposed model to take the 
strain softening behavior of the material into account to model the liquefaction 
behavior at extremely large strain amplitudes. 
3) The proposed model is developed based on the experimental evidences obtained from 
torsional shear tests and applied to simulate the liquefaction behavior under torsional 
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shear loading conditions. Therefore, it is recommended to investigate the 
applicability of the proposed model for general stress conditions to address the 
practical engineering issues.  
4) Application of the proposed model to other geomaterials is also left for future 
investigations. 
5) Time-dependent effects such as viscous effects, ageing effects and drained creep 
loading effects are neglected in the current study since the time taken for cyclic 
undrained loading is small. However, it is required to properly address the above 
issues in the model to simulate the cases where strain rate (or stress rate) is not a 
constant. 
 
Recommendations for the validations of the propose CSR/MPSR vs. SSR/MPSR method  
1)  Application of the proposed method to evaluate and compare the large deformation 
behavior of sand observed in the laboratory with the failure of slopes on site is one of 
the possible extensions of this method. 
2) Field data investigations from case histories of slopes that did not experience 
liquefaction and/or failure are necessary to validate the predictions of the NN 
behavior by the proposed method. 
3)  Triaxial apparatus is widely used in laboratory tests; in literature a wide number of 
tests results can be found. If the triaxial conditions are converted into torsional shear 
conditions, then the proposed method can be used to compare the failure behaviors of 
sand specimens under triaxial conditions with the one observed for specimens 
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A.1   Sensitivity of the correction factors ∆τ and ∆p’ 
 
In Fig. 4.31, it was shown that, the unstable behavior of stress ratio due to division by 
zero (i.e., p’=0 at full liquefaction state) disappears after correcting for ∆τ and ∆p'. In 
addition, in Fig. 4.30 (a) the method employed to define both ∆τ and ∆p' was shown. 
However, the evaluation of ∆τ and ∆p' is not easy task. In fact, by looking carefully 
the stress ratio after the correction, it can be seen that the unstable behavior could be still 
observed in the regions where the loading direction reversed, as shown in the close-up in 
Fig. A.1. This is a clear evidence that the parameters ∆τ and ∆p' were not properly 
calibrated. In order to address the above issue and understand the meaning of both ∆τ and 
∆p' correction factors, the following parametric study was performed.  
 
In accordance with Koseki et al. (2005), an apparent increase in effective stress state (∆p') 
and the shift in shear stress (∆τ ) were introduced to correct for the effects of mobilization 
of shear resistance under extremely low effective stress states. 
 
In this study, the effect of the parameter ∆τ was evaluated by keeping ∆p' as a constant 
value, as shown in Fig. A.2. Therefore, ∆τ was set at the values of 0.5 and - 0.5, which 
are respectively higher and lower than ∆τ = 0.20 which was determined by the method in 
Fig 4.30 (a). 
 Thus, as shown in Fig. A.2 (a), when ∆τ was set to a value of ∆τ = 0.50, the stress 
ratio was well defined in the upper part, while in the lower part an unstable behavior 
could be observed.  
 On the contrary, as shown in Fig. A.2 (b), when ∆τ was set to a value of ∆τ = -0.50, 
the unstable behavior appeared in the upper part, while the stress ratio was well defined in 
the lower part.  
 This suggested that, the appropriate value of ∆τ  should be set as the value necessary 
to obtain the symmetry of the stress ratio with respect to the vertical direction. In this 
study, for Test 8 subjected to fully reversal loading (R*=1), ∆τ = 0.17 was found suitable 
to obtained a good symmetry of the stress ratio, as shown Fig. A.2 (c). 
 
As shown in Fig. A.3, the effect of the parameter ∆p' was evaluated by keeping ∆τ as a 
constant value. Therefore, ∆p' was set at the values of 1.0 and 4.0, which are respectively 
lower and higher than ∆p' = 1.8 which was determined by the method in Fig 4.30 (a). 
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 Thus, as shown in Fig. A.3 (a), when ∆p'  was set to a value of ∆ p' = 1.0, an unstable 
behavior of stress ratio and two peak stress states that were followed by strain softening 
were observed in both upper and lower parts.  
 On the contrary, as shown in Fig. A.3 (b), when ∆p' was set to a value of ∆p' =  4.0, 
the unstable behavior disappeared; however, no clear peak(s) could be observed anymore. 
 This suggested that, the appropriate value of ∆p'  should be set as the value necessary 
to reduce as much as possible the instability as observed in Fig. A.1, and to obtain a clear 
peak followed by strain softening. In this study, for Test 8 subjected to fully reversal 
loading (R*=1), ∆p'= 2.5 was found suitable to obtained a stress ratio with such 









































































∆τ = 0.20 kPa
∆p' = 1.8 kPa
 
 
Fig. A.1: Unstable stress ratio behavior due to the not perfect evaluation of ∆τ and ∆p' 


































































τstatic= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = 0.50 kPa
∆p' = 1.8 kPa
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τstatic= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = - 0.50 kPa
∆p' = 1.8 kPa
 
(c) 





























































τstatic= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = 0.17 kPa
∆p' = 1.8 kPa
 
  
Fig. A.2: Effects of ∆τ on the modified stress-strain relationship in fully reversal loading test  
 


































































τstatic= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = 0.17 kPa
∆p' = 1.0 kPa
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= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = 0.17 kPa
∆p' = 4.0 kPa
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= 0 kPa τcyclic=20 kPa
τstatic±τcyclic=±20 kPaReversal
∆τ = 0.17 kPa
∆p' = 2.5 kPa
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B.1   Rowe’s stress-dilatancy equation 
 
Based on the assumption that the ratio of energy increment input to output of an assembly 
of spherical or cylindrical granular media is a constant (K), Rowe derived stress-dilatancy 
relationships for (a) triaxial compression, (b) triaxial extension and (c) simple shear 
loading conditions as shown below. 
 
(a) Triaxial compression loading condition  
Two equations were proposed according to the relative directions of '1σ  and 1
pdε  
(δ’) as follows (refer to Fig. A.1 for the definition of δ’): 
 
 When '1σ direction coincides with the direction of 1















   (B.1) 
“p” denotes the plastic components of strain.  
K is linked with the mobilized angle of friction φm at zero dilatancy (dεpvol = 0) as shown 
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 When '1σ direction coincides with the direction of 3
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(b) Triaxial extension loading condition 
 
 When '1σ direction coincides with the direction of 1















    (B.4) 
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 When '1σ direction coincides with the direction of 3
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Mohr circle of stress (when δ’ = 900) Mohr circle of strain increment 
(when δ’ = 900)





























Fig. B.1: Mohr’s circles of stress and strain increments  
for simple shear deformation mode (after De Silva, 2008) 
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A.2   Applicability of Rowe’s stress-dilatancy equation in torsional shear 
 
De Silva (2008) attempted to investigate the applicability of Rowe’s stress-dilatancy 
relationships in case of cyclic torsional shear loadings. In his study σz’=σr’=σq’=100 kPa 
and only τzθ was varied (i.e., isotropic torsional shear, ITS), therefore 
 θτσ zp += '
'
1    (B.7) 
 θτσ zp −= '
'
3  (B.8) 
Note that Eq. (B.7) and Eq. (B.8) are valid only when σz’=σr’=σq’. Then the stress ratio 
can be expressed as follows 





















=   (B.9) 
If it is assumed that 2 3
p pd dε ε= during ITS loading, then 1 3( 2 )
p p p
vold d dε ε ε= + . In 
addition, if 0p pzd d θε ε≈ ≈  then 1 3( )
p p p
zd d dθγ ε ε≈ − . Therefore it can be written 




























    (B.10) 
   
Subsequently the same formulation as derived for triaxial compression and extension can 
be used for torsional shear loadings as shown below: 
 When τzθ > 0 and pzd θγ  > 0 (δ’ = 0
0) 
By substituting Eq. (B.9) and Eq. (B.10) into the Eq. (B.1) with the appropriate sign 
for zθτ , the following expression in terms of 
'/z pθτ and ( / )
p p
vold dε γ− can be written: 
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+ + − 
 =
 −
− + + 
 
    (B.11) 
 
 When τzθ > 0 and pzd θγ  < 0 (δ’ = 90
0), 
By substituting Eq. (B.9) and Eq. (B.10) into the Eq. (B.5) with the appropriate sign 
for zθτ , the following expression in terms of 
'/z pθτ and ( / )
p p
vold dε γ− can be derived: 
    '
( 2) 2( 1)
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    (B.12) 
 
 When τzθ < 0 and pzd θγ  < 0 (δ’ = 0
0), 
By substituting Eq. (B.9) and Eq. (B.10) into the Eq. (B.4) with the appropriate sign 
for zθτ , the following expression in terms of 
'/z pθτ and ( / )
p p
vold dε γ− can be formulated: 
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( 2) 2( 1)
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 
    (B.13) 
 
 When τzθ < 0 and pzd θγ  > 0 (δ’ = 90
0), 
By substituting Eq. (B.9) and Eq. (B.10) into the Eq. (B.3) with the appropriate sign 
for zθτ , the following expression in terms of 
'/z pθτ and ( / )
p p
vold dε γ− can be formulated: 
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(2 1) 2( 1)
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Note that Eq. (B.11) and Eq. (B.14) are identical, and Eq. (B.12) and Eq. (B.13) are also 
identical. Therefore, two unique equations in terms of '/z pθτ and ( / )
p p
vold dε γ− can be 
derived for pzd θγ > 0 (loading) and 
p
zd θγ < 0 (unloading), irrespective of the sign of zθτ . 
 
Similarly, other two unique equations in terms of '/z pθτ and ( / )
p p
vold dε γ−  for 
p
zd θγ > 0 
(loading) and pzd θγ < 0 (unloading) can be derived by assuming that the loading 
conditions in torsional shear are similar to those of simple shear (assuming 2 0
pdε =  and 
1 3( )
p p p
zd d dθγ ε ε≈ − ) as shown below. 
 
 When pzd θγ  > 0 (loading) 
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( 1) ( 1)


















+ + − 
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− + + 
 
    (B.15) 
 When pzd θγ  < 0 (unloading) 
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( 1) ( 1)


















− + + − 
 =
 −
− − + 
 
    (B.16) 
                     
The schematic illustration of stress-dilatancy relationships assuming simple shear loading 
conditions is shown in Fig. B.2 
 
By referring to the Mohr’s circles of stress and strain increments as shown in Fig. B.1 (for 
δ’= 900 case), Pradhan (1990) derived more generalized stress-dilatancy relationships for 
cyclic simple shear loading conditions in which 'zσ  and 
'
θσ  are not necessarily equal to 
each other, and pzd θγ is not necessarily equal to dε1 
p-dε3 p. 
APPENDIX B – Rowe’s stress-dilatancy equation and its applicability in torsional shear tests
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 When τzθ > 0 and pzd θγ  > 0 (δ’ = 0
0) 









    (B.17) 
where  
mobφ = mobilized angle of internal friction; and 
ν  = angle of dilatancy as shown in Fig. B.1. 
 
It results that 















εν −=sin         (since 1 3
p p p
vold d dε ε ε= + ) (B.19) 
Furthermore,  











    (B.20) 
By combining Eq. (B.18) and Eq. (B.20) with Eq. (B.16) yields 










    (B.21) 
Then, by combining Eq. (B.19) and Eq. (B.21) with Eq. (B.17) yields 


















    
+ − + − + −    
     =
+
    
(B.22) 
 
 Whenτzθ > 0 and pzd θγ  < 0 (δ’ = 90
0) 









    (B.23) 













− + − +
=
− + +
      (B.25) 
CHIARO G. – Deformation properties of sand with initial static shear in undrained cyclic torsional shear tests and their modeling 
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By combining Eq. (B.25) and Eq. (B.24) with Eq. (B.23) yields 


















    
+ − − − + −    
     =
+
    
(B.26) 
 
 When τzθ < 0 and pzd θγ  < 0 (δ’ = 0
0) 
The same equation as Eq. (B.26) can be derived. 
 
 When τzθ < 0 and pzd θγ  > 0 (δ’ = 90
0) 
The same equation as Eq. (B.22) can be derived. 
 
Therefore, two identical stress-dilatancy equations for pzd θγ  > 0 and 
p
zd θγ  < 0, 
respectively can be derived in terms of '/z zθτ σ  and -dε 
p





























































Fig. B.2: Schematic illustration of stress-dilatancy  
relationship for cyclic simple shear loading (after De Silva, 2008) 
 
